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Abstract. Mimicking the von Neumann version of Kustermans and Vaes' locally com- 
pact quantum groups, Franck Lesieur had introduced a notion of measured quantum 
groupoid, in the setting of von Neumann algebras. In this article, we suppose that the 
basis of the measured quantum groupoid is central; in that case, we prove that a spe- 
cific sub-C* algebra is invariant under all the data of the measured quantum groupoid; 
moreover, this sub-C* -algebra is a continuous field of C*-algcbras; when the basis is 
central in both the measured quantum groupoid and its dual, we get that the measured 
quantum groupoid is a continuous field of locally compact quantum groups. On the 
other hand, using this sub-C*-algebra, we prove that any abelian measured quantum 
groupoid comes from a locally compact groupoid. 
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1. Introduction 



1.1. In two articles ([Val2], [Val3]), J.-M. Vallin has introduced two notions (pseudo- 
multiplicative unitary, Hopf-bimodule), in order to generalize, up to the groupoid case, 
the classical notions of multiplicative unitary [BS], and of Hopf-von Neumann algebras 
[ES], which were introduced to describe and explain duality of groups, and leaded to 
appropriate notions of quantum groups ([ES], [Wl], [W2], [BS], [MN], [W3], [KV1], 
[KV2], [MNW]). 

In another article [EV], J.-M. Vallin and the author have constructed, from a depth 2 
inclusion of von Neumann algebras M C M±, with an operator- valued weight 7\ verifying 
a regularity condition, a pseudo-multiplicative unitary, which leaded to two structures 
of Hopf bimodules, dual to each other. Moreover, we have then construct an action of 
one of these structures on the algebra Mi such that M is the fixed point subalgebra, the 
algebra Mi given by the basic construction being then isomorphic to the crossed-product. 
We construct on M 2 an action of the other structure, which can be considered as the dual 
action. 

If the inclusion M C Mi is irreducible, we recovered quantum groups, as proved and 
studied in former papers ([EN], [El]). 

Therefore, this construction leads to a notion of "quantum groupoid", and a construction 
of a duality within "quantum groupoids". 

1.2. In a finite-dimensional setting, this construction can be mostly simplified, and is 
studied in [NV1], [BSzl], [BSz2], [Sz], [Val4], [Val5], and examples are described. In 
[NV2], the link between these "finite quantum groupoids" and depth 2 inclusions of Hi 
factors is given. 

1.3. Franck Lesieur introduced ([LI]) a notion of "measured quantum groupoids", in 
which a modular hypothesis on the basis is required. Mimicking in a wider setting the 
technics of Kustermans and Vaes [KV1], he obtained then a pseudo-multiplicative unitary, 
which, as in the quantum group case, "contains" all the information of the object (the von 
Neuman algebra, the coproduct, the antipode, the co-inverse). Unfortunately, the axioms 
chosen by Lesieur don't fit perfectely with the duality (namely, the dual object does not 
fit the modular condition on the basis chosen in [LI]), and, in order to get a perfect 
symmetry, Lesieur gave the name of "measured quantum groupoid" to a wider class 
([L2]). In [E3] had been shown that, with suitable conditions, the objects constructed in 
[EV] from depth 2 inclusions, were "measured quantum groupoids" in this new sense. The 
axioms given in [L2] were very complicated, and there was a serious need for simplification. 
This was made in [E5], and recalled in [E6] in an appendix. 

1.4. All these constructions had been made in a von Neumann setting, which was natu- 
ral, once we are dealing with (or thinking of) depth 2 inclusions of von Neumann algebras. 
But, as for quantum groups, a C*-version of this theory is to be done, at least to obtain 
quantum objects similar to locally compact groupoids. Many difficulties exist on that 
direction : how to define a relative C*-tensor product ? how to define the analog of 
operator-valued weights at the C* level ? 

A first attempt in that direction is due to T. Timmermann who defined a relative ex- 
tensor product and C*-pseudo- multiplicative unitaries ([Ti]). 

This article is another step in that direction, and is devoted only to the special case when 
the basis of the measured quantum groupoid is central. A first version had been given in 
[E4]. 

In that case, we get closed links with the theory of continuous fields of C*-algebras, as 
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studied by Etienne Blanchard; using this theory and formalism, we then obtain some 
results at the C* level for measured quantum groupoids having a central basis. This will 
allow to prove that measured quantum groupoid whose underlying von Neumann alge- 
bra is commutative comes from a locally compact groupoid. Applying this result to the 
measured quantum groupoid obtained from a measured groupoid, we obtain Ramsay's 
theorem on measured groupoids (which says, roughly speaking, that a measured quan- 
tum groupoid is equivalent, with respect to the product, the inverse and the measure) 
to a locally compact groupoid. A similar result is obtained for measured fields of locally 
compact quantum groups. 

1.5. The paper is organized as follows : in chapter 2, we give all the preliminaries 
needed for that theory, mostly Connes-Sauvageot relative tensor product, weights on C*- 
algebras and continuous fields of C*-algebras; in chapter 3 is recalled the notion of pseudo- 
multiplicative unitary, and the Hopf-bimodules associated, and the notion of measured 
quantum groupoid. In chapter 4, we construct a sub-C*-algebra of a measured quantum 
groupoid, which is a invariant by all the data of the measured quantum groupoid. 

In chapters 5 and 6, we deal with the particular case of a measured quantum groupoid 
whose basis is central; in that case, we obtain, in chapter 5, properties of the restrictions 
of the coproduct and the weights to this sub-C*-algebra; in 6, we prove that this sub-C*- 
algebra is, in two different ways, a continuous field of C*-algebras, and that the restriction 
of the coproduct sends this sub-C*-algebra into the multiplier algebra of the min tensor 
product of these continuous fields, as introduced by Blanchard in [Bll]. 
In particular, in chapter 7, we look after a measured quantum groupoid, whose underlying 
von Neuman algebra itself is abelian; it is then proved that we obtain, in that case, 
a locally compact groupoid. Applying that result to the abelian measured quantum 
groupoid constructed from a measured groupoid, we recover Ramsay's theorem. 
In chapter 8, we define a notion of a measured field of locally compact quantum groups, 
and use this construction to get that it is equivalent to a continuous one, in a way which 
is similar to Ramsay's theorem; all that was underlying in Blanchard's work [B12]; these 
are exactly the measured quantum groupoids with central basis, and with a dual which 
has also a central basis. Blanchard's examples are recalled. 

We finish this article (chapter 9) by giving De Commer's example ([DC]) of a measure 
quantum groupoid with a central basis C 2 , which is not central in the dual. 

1.6. The author is mostly indebted to E. Blanchard, F. Lesieur, S. Vaes, L. Vamerman 
and J.-M. Vallin for many fruitful conversations. 

2. Preliminaries 

In this chapter are mainly recalled definitions and notations about Connes' spatial 
theory and the fiber product construction (2.1) which are the main technical tools of the 
theory of measured quantum groupoids. In 2.5 are recalled classical results about weights 
on C*-algebras, and a standard procedure for going from C*-algebra weight theory to von 
Neumann weight theory and vice versa. In 2.6 is recalled the definition of a continuous 
field of C*-algebras, and E. Blanchard's results on the minimal tensor product of two 
continuous fields of C*-algebras. 

2.1. Spatial theory and relative tensor products of Hilbert spaces ([C1],[S],[T]). 
Let N a von neumann algebra, v a normal semi-finite faithful weight on N; we shall 
denote by H u , 91^, etc the canonical objects of the Tomita-Takesaki theory associated to 
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the weight v\ let a be a non degenerate faithful representation of N on a Hilbert space 
K; the set of ^-bounded elements of the left-module is : 

D{ a 0i, v) = {£ G 3C < oo, ||a(y)£|| < C7|| A^C^) || , Vy G 

Then, for any £ in .D( Q K, i/), there exists a bounded operator R a,v {^) from to K, 
defined, for all y in *Tt„ by : 

which intertwines the representions of N. 

If £, ?7 are bounded vectors, we define the operator product : 

which belongs to tt^(N)', which, thanks to Tomita-Takesaki theory, will be identified to 
the opposite von Neumann algebra N°, on which is defined a canonical weight v° . 
If now (3 is a non degenerate faithful antirepresentation of N on a Hilbert space DC, we 
define the relative tensor product DC p® a "K as the completion of the algebraic tensor 

product DC © D( a J{, v) by the scalar product defined, if £1, £ 2 are in X, rji, r] 2 are in 
D( a "K, v\ by the following formula : 

(£iOml6o%) = (/3«m 2 W)£i|£2) 

If £ G X, r] G -D( a K, i/), we shall denote £ ^©a, 77 the image of £ © 77 into X ,3©^ IK, and, 

V V 

writing p^' a (£) = £ /3© a 77, we get a bounded linear operator from K into DC ^© a K, which 
is equal to 1%®v R a ' v ijf). 

One should bear in mind that, if we start from another faithful semi- finite normal weight 
u' , we get another Hilbert space "Kp® a %] there exists an isomorphism U v a ,v a from "Kp® a % 

v' V 

to K B®a X, which is unique up to some functorial property ([S], 2.6) (but this isomor- 
phism does not send £ 3® a rj on £ p® a 77 !). 

The relative tensor product DC ^©.^ H u is canonically identified with DC ([S],2.4(a)). 

V 

The linear set generated by operators 9 a,u (£,, rf) = R a,u (^)R a,u (r])*, for all £, 77 in D{ a "K, u), 

is a weakly dense ideal in a(N)'. We shall denote by the norm closure of this set of 

operators, which is a C*-algebra, and also a a weakly dense ideal of a(N)'. 

Moreover, there exists a family (ej)j 6 j of vectors in D( a !K,u) such that the operators 

9 a,l/ (ei, Ci) are 2 by 2 orthogonal projections (8 a,u (ei, e^) being then the projection on the 

closure of a(N)ei). Such a family is called an orthogonal (a, z/)-basis of K. 

We shall denote a u the relative flip, which is a unitary sending DC 3® a IK onto IK a ®3 DC, 

defined, for any £ in D(Xp, u°), 77 in _D( a IK, 1/), by : 

V v° 

If £ G D("Kp, u°) and 77 G DC, we can then define a bounded linear operator X^' a from DC 
into DC s® a IK such that A^' a = £ ^©q, 77. 

If x G f3(N)', y G «(A r ) / , it is possible to define an operator x p® a V on DC ^©q, IK, with 

V V 

natural values on the elementary tensors. It is easy to get that this operator does not 
depend upon the weight v and it will be denoted x g® a y. Let A be a C*-algebra of 

N 

operators acting on K, such that A C a(N)', and B a C*-algebra of operators acting on 
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X, such that B C /3(N)'; the linear space generated by the set of operators x p® a y, with 

N 

x G B and y G A, is clearly an involutive algebra, and its norm closure a C*-algebra, 
that we shall denote by B p® a A . 

N 

Let us suppose now that "K is a N — N\ bimodule; that means that there exists a von 
Neumann algebra Ni, and a non-degenerate normal anti-representation e of N% on Df, 
such that e(Ni) C a(Ni)'. We shall write then a J-C e . If y is in iVi, we have seen that it 
is possible to define then the operator lx p® a e(y) on DC p® a "K, and we define this way 

N v 

a non-degenerate normal antirepresentation of N\ on DC p® a "K, we shall call again e for 
simplification. If DC is a N 2 — N bimodule, then DC p® a 'K becomes a N 2 — Ni bimodule 
(Connes' fusion of bimodules). 

Taking a faithful semi- finite normal weight v\ on Ni, and a left Aq-module 7 XL (i.e. a 
Hilbert space XL and a normal non-degenerate representation 7 of iVi on XL), it is possible 
then to define (DC p® a 0~C) e ® 7 XL. Of course, it is possible also to consider the Hilbert 

space DC p® a (D"C e ® 7 XL). It can be shown that these two Hilbert spaces are isomorphic as 

/3(AT) / - 7 (AT 1 ) "-bimodules. (In ([Val2] 2.1.3), the proof, given for N = N\ abelian can be 
used, without modification, in that wider hypothesis). We shall write then % p® a ( K e ® 1 L 

without parenthesis, to emphazise this coassociativity property of the relative tensor 
product. 

Dealing now with that Hilbert space DC p® a D-C e ® 7 XL, there exist different flips, and it is 
necessary to be careful with notations. For instance, 1 p® a a Ul is the flip from this Hilbert 
space onto DC p<g> a (£ 7®e Jfy, where a is here acting on the second leg of XL 7 ® e "K (and 

should therefore be written 1 7 cg> e a, but this will not be done for obvious reasons). Here, 

the parenthesis remains, because there is no associativity rule, and to remind that a is 
not acting on XL. The adjoint of 1 p® a a ui is 1 p® a o v o. 

V V 

The same way, we can consider u v e ® 7 1 from DC p® a D~C e CS> 7 XL onto (D~C a ®p DC) e ® 7 XL. 
Another kind of flip sends DC p® a (XL 7 ® e Di) onto XL 7 ® e (DC f3® a ^)- We shall denote this 

application a^ 2 e (and its adjoint <r^), in order to emphasize that we are exchanging the 
first and the second leg, and the representations a and e on the third leg. 

2.2. Operator-valued weights. Let M C Mi be an inclusion of von Neumann algebras 
(for simplification, these algebras will be supposed to be cx-finite), equipped with a normal 
faithful semi-finite operator-valued weight T\ from Mi to Mq (to be more precise, from 
M± to the extended positive elements of Mq (cf. [T] IX.4.12)). Let ipo be a normal 
faithful semi-finite weight on M , and ipi = ipo o T\\ for % — 0, 1, let Hi = H^, Ji = J^., 
Aj = be the usual objects constructed by the Tomita-Takesaki theory associated to 
these weights. 

Following ([EN] 10.6), for x in OT^, we shall define A^(x) by the following formula, for 
all z in DT^ : 



k Tl {x)k^ {z) = A^xz) 
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This operator belongs to Hom M o(H , Hi); if x, y belong to 9^, then A Tl (x)A Tl (y)* 
belongs to the von Neumann algebra M 2 = JiM' Q Ji, which is called the basic construction 
made from the inclusion M C M 1; and A^ 1 (x)*At 1 (|/) = T 1 (x*y) G M . 
By Tomita-Takesaki theory, the Hilbert space Hi bears a natural structure of Mi — M°- 
bimodule, and, therefore, by restriction, of M — Mg-bimodule. Let us write r for the 
canonical representation of M on Hi, and s for the canonical antirepresentation given, 
for all x in Mo, by s(x) = Jir(x)*Ji. Let us have now a closer look to the subspaces 
D(Hi s , i/)q) and D( r Hi, ip Q ). If x belongs to 9Tri HOt^ , we easily get that JiA^ (x) belongs 
to D( r Hi,tp ), with : 

R r ^(JiA^(x)) = JiA Tl (x)J 
and A^(x) belongs to D(Hi s ,ip ), with : 

R s ^(A^(x)) = A Tl (x) 

The subspace D(Hi s ,iPq) D D( r Hi,ip ) is dense in P^; more precisely, let T^Ti be the 
algebra made of elements x in 91^ fl 91^ fl 91^ fl 91^, analytical with respect to ?/>i, and 
such that, for all z in C, ap(x n ) belongs to n 9"t Tl n 91^ n 0%. Then ([E6], 2.2.1): 

(i) the algebra 7^ lt T ± is weakly dense in Mi, it will be called Tomita's algebra with respect 
to ipi and Ti; 

(ii) for any x in T^ 1)Tl , A^sc) belongs to D(H U , H D( r H x , ijj Q ); 

(hi) for any £ in D(Hi s ,i/;q)), there exists a sequence x n in T^Ti such that Ar 1 (a; n ) = 
RS'^o^A^Xn)) is weakly converging to P s '^o(£) and A^(x n ) is converging to £. 
More precisely, in ([E3], 2.3) was constructed an increasing sequence of projections p n in 
Mi, converging to 1, and elements x n in T$ lt Ti such that A^, 1 (x n ) = p n £,. We then get 
that : 

Ti(x* n x n ) = (R s '<(A^(x n ),R s ^(A^(x n )) s>% 

which is increasing and weakly converging to (£, £) s ,^g- Moreover, if Mo is abelian, and 
if we write X for the spectrum of the C*-algebra generated by all elements of the form 
< > s,ip°, we can identify ipo as a positive Radon measure on X, and Mo with 

L°°(X, ip ); using now Dini's theorem on Cq(X), we get that Ti(x* n x n ) is norm converging 
to (£,£)s,^g, and that : 

||A Tl (x n ) - i?^(0H 2 = ||Pi«Zn) - (&0.,*8ll 

is converging to 0. 

2.3. Fiber products of von Neumann algebras and slice maps ([EV],[E2]). Let's 
go on with the notations of 2.1. If P is a von Neumann algebra on %, with a(N) C P, 
and Q a von Neumann algebra on %, with /3(A r ) C Q, then we define the fiber product 
Q /3* a P as {x p ® a y,x eQ',y G P'}'. 

AT TV 

Moreover, this von Neumann algebra can be defined independently of the Hilbert spaces 
on which P and Q are represented; if (i — 1, 2), is a faithful non degenerate homomor- 
phism from A" into Pi, (3i is a faithful non degenerate antihomomorphism from N into 
Qi, and $ (resp. an homomorphism from Pi to P2 (resp. from Qi to Q2) such that 
$ o ai = «2 (resp. ^ o /3i = fi-z), then, it is possible to define an homomorphism ^ $ 

TV 

from Qi /3l * ai Pi into Q 2 /3 2 *a 2 P>- 

JV TV 
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Let A be in Q /3 * 7 P, and let £1, £ 2 be in D(Jip, u°); let us define (uj^ 2 p*-y id) (A) as a 
bounded operator on DC, which belongs to P, such that : 

((^1,6 I3*j id)(A)rji\ri2) = (Afa /3® 7 rji) |£ 2 ^ rj 2 ) 

V V V 

One should note that (co^^ 2 p*^ id)(l) = 7((£i, £2)p, v °)- 
Let us define the same way, for any 771, 772 in D( 7 DC, v): 

(id 0^u; mtm )(A) = {f%<YAf%> 

which belongs to Q. 

Let be a normal semi-finite weight on Q + ; we may define an element of the extended 
positive part of P, denoted (0 p* 1 id) (A), such that, for all 77 in _D( 7 DC, u), we have : 

V 

||(0 ^id)(A) x l\f = <j>(id p^u n )(A) 

V V 

Moreover, if -0 is a normal semi-finite weight on P + , we have then : 

ip((f) /3 * 7 id) (A) = <j)(id /3 * 7 ip) (A) 

V V 

and if a;, be in Q* such that 0i = supiUi, we have (0i / g* 7 id) (A) = supi(uJi p* 7 id) (A). 

Let now Qi be a von Neuman algebra such that /3(N) G Qi G Q, and Pi be a von 
Neuman algebra such that ^y(N) G P± G P and let T (resp. T") be a normal faithful 
semi-finite operator valued weight from Q to Qi (resp. from P to Pi); then, there exists 
an element (T ( g* 7 id) (A) of the extended positive part of Qi p*^ P, such that ([E2], 3.5), 

v N 

for all 77 in Z)( 7 DC, is), and £ in D~C, we have : 

|| (T ,* 7 id)(Af'% ,® 7 77) || 2 = \\T[(id ^ ^KA)] 1 ^! 2 

V V V 

If 0! is a normal semi-finite weight on Pi, we have : 

(0i o T p * n id) (A) = (0i /3* 7 id)(T ^* 7 id) (A) 

We define the same way an element (idp* 1 T')(A) of the extended positive part of Q^*pPi, 

v N 

and we have : 

(idp^ T')((T p ^ id)(A)) = (7> 7 id)((idp^ T')(A)) 

V V V V 

Considering now an element x of Q p* Wv n u (N), which can be identified to Q n /3(N)' 

V 

(thanks to the identification of DC p®^ v H u with DC), we get that, for e in < Jl u , we have 

(idp * ^^(e))^) = f3(ee*)x 
Therefore, by increasing limits, we get that (idp * nu is) is the injection of Q D f3(N)' into 

V 

Q. More precisely, if x belongs to Q H j3(N)', we have : 

(idp* nv v)(xp ®^ v l)=x 
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Therefore, if T' is a normal faithful semi-finite operator- valued weight from P onto 'y(N), 
we get that we have : 

(ida * ^ o T')(A)fl <g> 7 1 = (id* * 7 T')(A) 

f v v 

If a(iV) C Z(P), and /3(iV) C Z(Q), the von Neumann algebra Q /3* Q P is clearly the 

A 7 " 

weak closure of the C*-algebra Q p® a P we have defined in 2.1. 

A 7 " 

2.4. Notations. Let M be a von Neuman algebra, and a an action from a locally com- 
pact group G on M, i.e. a homomorphism from G into AtrfM, such that, for all x G M, 
the function g i— > a g (x) is a- weakly continuous. Let us denote by C*(a) the set of elements 
x of M, such that this function t t— > a g (x) is norm continuous. It is ([Pc], 7.5.1) a sub- 
C*-algebra of M, invariant under the a g , generated by the elements (x G N,f G L l (G)): 

otfix) = I f(s)a s (x)ds 
Jr 

More precisely, we get that, for any x in M, aj(x) is cx-weakly converging to x when / 
goes in an approximate unit of L 1 (G), which proves that C*(a) is a-weakly dense in M, 
and that x G M belongs to C*(a) if and only if this file is norm converging. 
If at and 7 S are two one-parameter automorphism groups of M, such that, for all s, t in 
R, we have a t o 7^ = 7 S o a tj by considering the action of M 2 given by (s,t) 1— > 7 S o a t , 
we obtain a dense sub-C*-algebra of M, on which both a and 7 are norm continuous, we 
shall denote C*(a, 7). 

2.5. Weights on C*-algebras. Let A be a C*-algebra, and </? a lower semi-continuous, 
densely defined non zero weight on A ([Co]). We shall use all classical notations, and, in 
particular, we shall denote (H^, A v , n^) the GNS construction for ip; if ip is faithful, so is 
71"^,; let us denote M = 7r 9 (A)" and Tp the semi-finite normal weight on M + , constructed 
by ([B], cor. 9), which verify Tp o ir^ = ip. 

Let us recall that if the C*-algebra A is unital, any densely defined weight tp is everywhere 
defined, and therefore finite. 

Following [Co], we shall say that ip is KMS if there exists a norm-continuous one param- 
eter group of automorphisms a t of A such that, for all t G R, <p = tp o a t , and such that 
ip verifies the KMS conditions with respect to a. (For an equivalent definition of these 
conditions, see [KV1], 1.3). One can find in ([KV1], 1.35) the proof that every KMS 
weight extends to a faithful extension Tp on M + , and that we have then tt v o a t = af o 7r v , 
where af is the modular automorphism group of M given by the Tomita-Takesaki theory 
of the faithful semi-finite weight Tp on M. This leads easily to the uniqueness of the 
one-parameter group a t , which we shall emphasize by writing it af. 
Moreover, it is well known that the set of elements x in A such that the function t t— > <jf(x) 
extends to an analytic function in A is a dense involutive subalgebra of A (see for instance 
[Vail] 0.3.2 and 0.3.4). 

Let now ip be a normal semi-finite faithful weight on a von Neumann algebra N. 
We shall write C*(i/j) the sub-C*-algebra of C*(a^) generated by elements at(x), with 
/ G L X (R) and x G VR^. The weak closure of C*(^) contains VJt^, and, therefore, C*(ijj) 
is weakly dense in N; moreover, it is straightforward to see that the restriction of ip to 
that C*-algebra is densely defined, lower semi-continuous and KMS. If 1 G C*(ip), then 
the restriction of ip to C*(ip) is finite, so ip{l) < 00 and C*(ip) = C*(cr^). If ip is a trace, 
then C*(ip) is the norm closure of Wl^p, and M(C*(i/))) = N. 
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If 7 f is one-parameter group of N, such that ip o *y t = -0, for all t G K, we may as well 
define the C*-algebra C*( , 0,7) generated by all elements : 



f(s)g(t)afo lt (x)dsdt 

where /, g belong to L 1 (R), and x belongs to 9JT,/,; this C*-algebra C*(ip, 7) is weakly dense 
in N, invariant under 7, the restriction of ip to this C*-algebra is densely defined, lower 
semi-continuous and KMS, and the restriction of 7 to this C*-algebra is norm-continuous. 
If ip is a trace, we have M(C*(ip,j)) = C*(7). 

2.6. Continuous fields of C*-algebras. Let X be a locally compact space; following 
[Ka], we shall say that a C*-algebra A is a Cq(X) — C*-algebra if there exists an injective 
non degenerate *-homomorphism a from Cq(X) into Z(M(A)). If x G X, let us write 
C X (X) for the ideal of Cq(X) made of all functions in Cq(X) with value at x, and let us 
consider a(C x (X))A, which is an ideal in A; let us write A x for the quotient C*-algebra 
A/a(C x (X))A. For any a in A, let us write a x for its image in A x . Then, we have ([B12], 
2.8) : 

||a|| = sup x( z X \\a x \\ 

By definition ([D]), we shall say that A is a continuous field over X if, for all a in A, the 
function x 1— > \\a x \\ is continuous. 

Let A be a Cq(X) — C*-algebra, and £ be a Co(X)-Hilbert module; let tt be a Co(X)-linear 
morphism it from A to £(£), which means that the specialization ir x is a representation 
of A on the Hilbert space £ x whose kernel contains a(C x (X))A. We say that ir is a 
continuous field of faithful representations if, for all x G X, we have Kem x = a(C x (X))A. 
We may then, for all x G X, consider 7T;£ clS cl faithful representation of the C*-algebra 
A x on £3. It is proved in ([B12], 3.3) that, if A is a separable Cq{X) — C*-algebra, the 
following are equivalent : 

(i) A is a continuous field over X of C*-algebras; 

(ii) there exists a continuous field of faithful representations of A. 

A continuous field of states on A is a positive Co(X)-linear application uj from A into 
Cq(X), such that, for all x G X, the specialization u;^ is a state on A x . 

Given two C*o(X)-algebras A\ and A2, Blanchard ([Bll], 2.9) had defined the minimal 
C*-norm on the involutive algebra (A\ © A2)/ J(A\, A2), where A\ A2 is the algebraic 
tensor product of the algebras A\ and A2, and J(Ai, A2) the involutive ideal in A\ A2 
made of finite sums Y17=i a * ® w ith Oj G A 1: foj G A 2 , such that J^ =1 a x ®b x = 0, for 
all a; G X. This C*-norm is given by : 



where, on the right hand on the formula, is taken the minimal tensor product of the C*- 
algebras A\ and A%. The completion with respect to that norm will be called the minimal 
tensor product of the C (X)-algebras A\ and A 2 , and will be denoted A 1 <8>c r X ) ^2- 
In the case of continuous fields of C*-algebras, it is proved in ([B12], 3.21) that this 
C*-algebra, equipped with the morphism / 1— > / ^>c (x) 1 = 1 ®c (x) f ^ s e Q ua l to the 
Co(X) — C*-algebra A\ ®c (x) A 2 . (If iri (resp. 7r 2 ) is a faithful non degenerate Cq(X)- 
representation on a Co(X)-Hilbert module £1 (resp. £2), A\ ®c Q (x) A 2 is defined as 
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operators on £ x <S>c (x) £2 ([B12], 3.18) and does not depend on the choice of the C (X)- 
representations ([B12], 3.20). Therefore, the tensor product <S>c (x) * s then associative 
([BH], 4.1). 

3. Measured quantum groupoids 

In this section, we give a summary of the theory of " Hopf-bimodules" (3.1), "pseudo- 
multiplicative unitaries" (3.2), and "measured quantum groupoids" ([LI], [L2], [E5], [E6]) 
(3.8, 3.9, 3.10, 3.11). We describe the canonical example of measured groupoids (3.4, 
3.12). Proposition 3.7 will be used in Theorem 5.7. 

3.1. Definition. A quintuplet (N, M, a, f3, V) will be called a Hopf-bimodule, following 
([Val2], [EV] 6.5), if N, M are von Neumann algebras, a a faithful non-degenerate repre- 
sentation of N into M, (3 a faithful non-degenerate anti-representation of N into M, with 
commuting ranges, and T an injective involutive homomorphism from M into M p* a M 

N 

such that, for all X in N : 

(i) r(J3{X)) = l p ® a /3(X) 

N 

(ii) T(a(X)) = a(X)p® a l 

N 

(iii) T satisfies the co-associativity relation : 

(r p* a id)v = (idp* a r)r 

N N 

This last formula makes sense, thanks to the two preceeding ones and 2.3. The von 
Neumann algebra iV will be called the basis of (N, M, a, (3, T). 

If (jV, M, a, (3, r) is a Hopf-bimodule, it is clear that (N°, M, (3, a, Qv T) is another 
Hopf-bimodule, we shall call the symmetrized of the first one. (Recall that o F is a 
homomorphism from M to M r * s M). 

N° 

If N is abelian, a = (3, T = ^ T, then the quadruplet (N, M, a, a, T) is equal to its 
symmetrized Hopf-bimodule, and we shall say that it is a symmetric Hopf-bimodule. 

Let S be a measured groupoid, with S^ ) as its set of units, and let us denote by r and s 
the range and source applications from 2 to 2 , given by xx~ x = r(x) and x~ l x = s(x). 
As usual, we shall denote by 2^ (or 2$) the set of composable elements, i.e. 

2^ = {(x,y)e2 2 ;s(x)=r(y)} 

Let (A") ug g(o) be a Haar system on 2 and v a measure v on S^- Let us write /x the 
measure on 2 given by integrating A" by v : 

fi= f \ u du 

y S (o) 

By definition, v is said quasi-invariant if \x is equivalent to its image under the inverse 
x 1— > x" 1 of 2 (see [Ra], [R], [C2] II. 5, [P] for more details and examples of groupoids). 
In [Yl] and [Val2] were associated to a measured groupoid 2, equipped with a Haar 
system (A u ) ue g(o) and a quasi-invariant measure v on 2^ two Hopf-bimodules : 
The first one is (L oo (S ( - ' ) , v), L°°(2, fj),Tg, sg, Tg), where we define rg and sg by writing , 
for g in L°°(g(°)) : 

r s(g) =9 °r 

ss(g) = 9 s 
10 



and where Tg(/), for / in L°°(9), is the function defined on 2^ by (s,t) i— > /(s£); Tg is 
then an involutive homomorphism from L°°(S) into L°°(Sg r ) (which can be identified to 

L°°(S)s*rL°°(9)). _ 

The second one is symmetric; it is (L°°(S^ \ v), £(S), Tg, rg, Tg), where £(S) is the von 
Neumann algebra generated by the convolution algebra associated to the groupoid S, and 
Tg has been defined in [Yl] and [Val2]. 

3.2. Definition. Let N be a von Neumann algebra; let ^ be a Hilbert space on which 
N has a non-degenerate normal representation a and two non-degenerate normal anti- 
representations (3 and (3. These 3 applications are supposed to be injective, and to 
commute two by two. Let v be a normal semi-finite faithful weight on N; we can therefore 
construct the Hilbert spaces f) p® a and fj a ® S). A unitary W from f) p® a onto 

a®p f) will be called a pseudo-multiplicative unitary over the basis N, with respect 



to the representation a, and the anti- representations (3 and (3 (we shall write it is an 
(a, (3, /5)-pseudo-multiplicative unitary), if : 
(i) W intertwines a, j3, (3 in the following way : 

W(a(X)p® a l) = (l a ® $ a(X))W 

N n° 

W(lf}® a 0(X)) = (l a ® l3(X))W 

N n° 

W0(X) p ® a 1) = 0(X) a ® $ 1)W 

N n° 

W(lf,® a $(X)) = (J3(X) a ® l)W 

N n° 



[ii) The operator W satisfies : 



No N n° N N N 



Here, cx^ goes from (H a ® H) p® a H to (H p® a H) a ® H, and 1^ p® a o> goes from 



V" 



N 



H p® a (H a ® H) to H p® a H ® a H. 



V ,,o V 



All the properties supposed in (i) allow us to write such a formula, which will be called 
the "pentagonal relation". 

If W is an (a, (3, /3)-pseudo-multiplicative unitary, then the unitary a u W*a u from fj s(g) a .fj 

V 

to ft a ® pf) is an (a, (3, /3)-pseudo-multiplicative unitary, called the dual of W and denoted 

v° 

W. 



3.3. Algebras and Hopf-bimodules associated to a pseudo-multiplicative uni- 
tary. For £ 2 in D( a $j,v>), r] 2 in D(Sjg,u°), the operator (p^f)*Wp^ a will be written 
(id * u&,r)2)(W)] we have, therefore, for all £i, r)i in S) : 

((id*U^ m )(W)^ 1 \7] 1 ) = (W(£ lf} ® a 6)|»7la®4 m) 

V v o 
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and, using the intertwining property of W with /3, we easily get that (id * u)^ 2iT]2 )(W) 

belongs to (3(N)' . 

If x belongs to N, we have : 

(id * u^ m )(W)a(x) = (id * uj^ a{x * )m )(W) 

(3(x)(id*u^ V2 )(W) = (id*uJ kx) ^ m )(W) 

We shall write A n (W) (resp. A W (W)) the norm (resp. weak) closure of the linear span of 
these operators; A n (W) and A W (W) are right a(AQ-modules and left /3(iV)-modules. Ap- 
plying ([E2] 3.6), we get that A n (W), A n (W)\ A W (W) and A W (W)* are non-degenerate 
algebras (one should note that the notations of ([E2]) had been changed in order to fit 
with Lesieur's notations). We shall write yi(VT) the von Neumann algebra generated by 
A W (W) . We then have A(W) C (3(N)' . 

For £l in D(fip,v°), rji in D( a Sj,u), we shall write (co^ ltm * id)(W) for the operator 
(^f)*WX^ a ; we have, therefore, for all £ 2 , r/ 2 in $) : 

and, using the intertwining property of W with /3, we easily get that (^ um * id)(W) 
belongs to (3(N)'. 

We shall write A n (W) (resp. A W (W)) the norm (resp. weak) closure of the linear span of 
these operators. As A n (W) = A n (W)*, it is clear that these subspaces are non degenerate 
algebras; following ([EV] 6.1 and 6.5), we shall write «A(VF) the von Neumann algebra 
generated by AJW). We then have MW) C (3(N)' . 

In ([EV] 6.3 and 6.5), using the pentagonal equation, we got that (N, A(W), a, (3, T), and 
(N, A(W), a, (3, T) are Hopf-bimodules, where T and T are defined, for any x in Zl(iy) 
and y in A(W), by : 

T(x) = W*(l a ®p x)W 
f(y) = a v oW(y p® a l)W*a v 

N 

(Here also, we have changed the notations of [EV], in order to fit with Lesieur's notations). 
In ([EV] 6.1(iv)), we had obtained that x in £(53) belongs to A(W)' if and only if x 
belongs to a(N)' n (3(N)' and verifies (x q,®^ 1)W = W(x p® a 1). We obtain the same 

way that y in &($)) belongs to ^(W) if and only if y belongs to a(N)' PI j3(N)' and verify 
(l a ^ y)W = W(lp® a y). 

Moreover, we get that a(N) C A n A, f3(N) C A, p(N) C A, and, for all ziniV: 



T(a(x)) 


= ot(x) 


/3®a 1 
N 


r(p(x)) 


= l/3« 
JV 


a P(X) 


T(a(x)) 


= ot(x) 


p®a 1 
N 


T0(x)) 


= 1^ 


a P(x) 



N 
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3.4. Fundamental example. Let 9 be a measured groupoid; let's use all notations 
introduced in 3.1. Let us note : 

Sr,r = {fay) G SV(x) =r(y)} 

Then, it has been shown [Val2] that the formula Wgf(x,y) = f(x,x~ l y), where x, y are 
in S, such that r(y) = r(x), and / belongs to L 2 (S^) (with respect to an appropriate 
measure, constructed from A n and v), is a unitary from L 2 (S^) to L 2 (S 2 r ) (with respect 
also to another appropriate measure, constructed from A n and v). 

Let us define rg and sg from L oo (S ( - \^) to L°°(S,aO ( an d then considered as represen- 
tations on £(L 2 (S,/i)), for any / in L°°(9^ \ v), by r s (f) = for and Sg(/) — f o s. 
We shall identify ([Yl], 3.2.2) the Hilbert space L 2 (S < - 2 - ) ) with the relative Hilbert tensor 
product L 2 (9, /i) Sg <8>r g £ 2 (9, A 4 ), and the Hilbert space L 2 (9 2 r ) with the relative Hilbert 

L°°(g(°V) 

tensor product L 2 (S,/x) r g ®r g £ 2 (9,a0- Moreover, the unitary Wg can be then inter- 

L»(g(o),w) 

preted [Val3] as a pseudo-multiplicative unitary over the basis L°°(S^°' ) , ^), with respect 
to the representation rg, and anti-representations sg and rg (as here the basis is abelian, 
the notions of representation and anti-representations are the same, and the commutation 
property is fulfilled). So, we get that H^g is a (rg,sg,rg) pseudo-multiplicative unitary. 
Let us take the notations of 3.3; the von Neumann algebra .A(Wg) is equal to the von 
Neumann algebra L°°(9, v) ([Val3], 3.2.6 and 3.2.7); using ([Val3] 3.1.1), we get that 
the Hopf-bimodule homomorphism V defined on L°°(S,/i) by W$ is equal to the usual 
Hopf-bimodule homomorphism Tg studied in [Val2], and recalled in 3.1. Moreover, the 

von Neumann algebra .A(Wg) is equal to the von Neumann algebra £(9) ([Val3], 3.2.6 
and 3.2.7); using ([Val3] 3.1.1), we get that the Hopf-bimodule homomorphism T defined 
on £(9) by Wg is the usual Hopf-bimodule homomorphism Tg studied in [Yl] and [Val2]. 

3.5. Lemma. Let W be an (a, j3, (3) -pseudo-multiplicative unitary, £ x in D($)p, u°), £ 2 in 
D(afi, v), rj in ft; let & in D(S)p, v°) and Q in ft such that W*(£ 2 a ®p v) = fii Ci P®* C'/ 

u° v 

then we have : 

i 

Proof. Let 9 in fj; we have : 

(fat 1 &*id)(W)*ri\0) = {W*{t 2a ®prj)\t ip ® a e) 

= aw°)c;i0) 

i 

from which we get the result. □ 

3.6. Lemma. Let W be an (a, j3, (3) -pseudo-multiplicative unitary, £ 1; d in D(S}/3,h , °), 
£ in -D( Q fj, v) and rji, f] 2 in $). Let us consider the flip a- from H p® a {H H) onto 
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H a ®z (H p® a H). Then, we have : 



(VfaO-f] P®a /3®q Vl /3®a 01^2 a® jj (Cl /3®a C2)) 

N v v ,,0 v 



(W(f]i f3® a £,)\T)2 



Proof. The scalar product 

(Cl /3®a C2)) 

'AT V v o V 

is equal to : 

(£l (3® a W{r)i p® a OICl /3®a (^2 C 2 )) 

V V V v o 

from which we get the result. □ 

3.7. Proposition. Let W be an (a, /3, (3) -pseudo-multiplicative unitary, V the coproduct 
constructed in 3.3, £ in D( a S},u), r\ in D{9)^v°}. Let £i ; r/i in D(!r)p,v ), £ 2; 772 in 
_D( a fj, z/)/ then, we have : 

(T((id * u^)(W))(^ f3® a 77!) |6 /3®« 77a) = (Ki,£ 2 * id) * id) W^) 

Proof. Using the definition of T (3.3), we get that : 

(r((icZ*^ |?? )(W))(6^(g) a 77i)|a/3®a?72) = ((la®^N*^ r? )(lU))iy(ei / 3® Q T/l)|PU(6/3®a?72)) 

which is equal to : 

((1 a®0 W)(W f3® a 1)(6 77i p® a £)\(W a ®0 1)((6 /3®a »ft) »?) 

which, using the pentagonal equation (3.2), is equal to : 

( a a 3 p( W [3®* l)(lfl 0>)(lfi T/i /3® a 01(6 7fe) ^) 

TV N N v v v u o 

or, to : 

((W p® a l)(l i5 p® a a v o){\^ p a W)(fi p ® a p ® a 01(6 a®^ V) /3®a m) 

TV N N v v v o v 

which is equal to : 

(C'V (1.Q f3®a W) (Cl /3®a Vl /3®a \V2 a® (W*(^2 a® jj »?))) 

Defining now Q as in 3.5, we get, using 3.6, that it is equal to : 

(W( Vl p® a 0|r/ 2 a ® ^2a{(Ci,^{p,w)0 

which, thanks to 3.5, is equal to : 

(W(r)l /3®a 01^2 a® fj 

and, therefore, to 

which finishes the proof. □ 
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3.8. Definitions ([LI], [L2]). Let (N, M, a, (3, T) be a Hopf-bimodule, as defined in 3.1; 
a normal, semi-finite, faithful operator valued weight T from M to a(N) is said to be 
left-invariant if, for all x G 9Jty, we have : 

(id f3* a T)F(x) = T(x) f3® a 1 
N N 

or, equivalently (2.3), if we write $ = v o a~ x o T : 

(id p * a §)T(x)=T(x) 

N 

A normal, semi- finite, faithful operator- valued weight T 1 from M to (3(N) will be said to 
be right-invariant if it is left-invariant with respect to the symmetrized Hopf-bimodule, 
i.e., if, for all x £ 97t£,, we have : 

(T' p * a id)T(x) = l p ® a T'(x) 

N N 

or, equivalently, if we write \P = v o f3~ l o T' : 

(*p* a id)T(x)=T'(x) 

N 

3.9. Theorem([Ll], [L2]). Let (N,M,a,j3,T) be a Hopf-bimodule, as defined in 3.1, 
and let T be a left-invariant normal, semi-finite, faithful operator valued weight from M 
to a(N); let us choose a normal, semi-finite, faithful weight v on N, and let us write 
$ = v o a" 1 o T , which is a normal, semi-finite, faithful weight on M ; let us write H<$>, 
J§, A$ for the canonical objects of the Tomita- Takes aki theory associated to the weight 
$, and let us define, for x in N, (3(x) = J$a(x*) J$. 

(i) There exists an unique isometry U from H$ a <g)3 Hq> to H<$> H<$>, such that, for 

u° v 

any ((3, v )- orthogonal basis (£i)t e j of (H<&)p, for any a in 9lr H 91$ and for any v in 
D((H<s,)p,v°), we have 

U(v a ®g A$(a)) = 2^6 /3® a Aq,((u v& p* a id)(T(a))) 

(ii) Let us suppose there exists a right-invariant normal, semi-finite, faithful operator 
valued weight T' from M to (3(N); then this isometry is a unitary, and W = U* is an 
(a, (3, (3) -pseudo-multiplicative unitary from Hq, p® a H<& to H<$> a ®& Hq, which verifies, for 

any x, y\, y% in 9?t H : 

(i * ^J*a <i ,(^| / 2),a 4> (x))(W / ) = (id f3 * a ujj <s>A9>{y2): j <s>A<s>{yi) )T(x*) 

N 

Clearly, the pseudo-multplicative unitary W does not depend upon the choice of the right- 
invariant operator-valued weight T' , and, for any y in M, we have : 

F(y) = W*(l a ®n y)W 

N° 

Proof. This is [L2] 3.51 and 3.52. □ 
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3.10. Definitions. Let us take the notations of 3.9; let us write ^ = v o f3~ x o T'. We 
shall say that v is relatively invariant with respect to T and T' if the two modular 
automorphism groups associated to the two weights $ and \l/ commute; we then write 
down: 

Definition 

A measured quantum groupoid is an octuplet (N, M, a, (3, T, T, T', v) such that : 

(i) (N, M, a, j3, T) is a Hopf-bimodule, as defined in 3.1, 

(ii) T is a left-invariant normal, semi-finite, faithful operator valued weight T from M to 
a{N), as defined in 3.8, 

(iii) T' is a right-invariant normal, semi-finite, faithful operator-valued weight T' from M 
to P(N), as defined in 3.8, 

(iv) v is normal semi-finite faitfull weight on N, which is relatively invariant with respect 
to T and T'. 

Remark These axioms are not Lesieur's axioms, given in ([L2], 4.1). The equivalence of 
these axioms with Lesieur's axioms had been written down in [E5], and is recalled in the 
appendix of [E6]. 

3.11. Theorem ([L2], [E6]). Let <S = (N, M, a, (3, V, T, T', v) be a measured quantum 
groupoid in the sense of 3.10. Let us write $ = voa^ 1 oT , which is a normal, semi-finite 
faithful weight on M . Then 

(i) there exists a *-antiautomorphism R on M, such that R 2 = id, R(a(n)) = /3(n) for 
all n G N, and : 

N 

R will be called the coinverse; 

(ii) there exists a one-parameter group Tt of automorphisms of M, such that Rort = r t oR 
for all t G R, and, for all t G R and n G N, r t (a(n)) = a(a^(n)), T t ((3(n)) = (3(a"(n)) 
and : 

r o Tt = (n p * a Tt )T = (af p * a a*f)r 

N N 

r o af = (r t p* a af)F 

N 

T t will be called the scaling group; 

(iii) the weight v is relatively invariant with respect to T and RTR; moreover, R and r t 
are still the co-inverse and the scaling group of this new measured quantum groupoid, we 
shall denote : 

= (N, M, a, p t T, T, RTR, v) 

(iv) for any £, r\ in D( a Hq>, v) n D((H§)s, v°), {id * lo^ v )(W) belongs to D(Ti/ 2 ), and, if 
we define S = Rr-i/2, we have : 

S((id * W{,„)(W)) = (id * Ur, £ )(W)* 

More generally, for any x in D(S) = D(r„j/ 2 ); we get that S(x)* belongs to D(S) and 
S(S(x)*)* = x; S will be called the antipode of (or <5), and, therefore, the co-inverse 
and the scaling group, given by polar decomposition of the antipode, rely only on the 
pseudo-multiplicative W. 
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(v) there exists a one-parameter group % of automorphisms of N such that, for all t EM. 
and n E N , we have : 

Moreover, for all t EM., we have v o j t = v. 

(vi) there exists a positive non-singular operator A affiliated to Z(M), and a positive non 
singular operator 5 affiliated to M, such that : 

(D$oR: D$) t = \ it2/2 5 lt 

and, therefore, we have : 

(D$ o af oR : D<$>) t = X ist 

The operator A will be called the scaling operator, and there exists a positive non-singular 
operator q affiliated to N such that A = a(q) = (3(q). We have R(X) = A. 
The operator 5 will be called the modulus; we have R(5) = <5 _1 , and r t (5) = 5, for all 
t E M, and we can define a one-parameter group of unitaries 8 lt p® a 5 lt which acts naturally 

N 

on elementary tensor products, and verifies, for all t EM : 

N 

(vii) we have (D$ o r t : D§) s = X~ ist , which leads to define a one-parameter group of 
unitaries P %t by, for any x E 91$ : 

P lt k^x) = A* /2 A $ (n(x)) 

Moreover, for any y in M, we get : 

r t (y) = P u yP- u 

and it is possible to define one parameter groups of unitaries P lt (i® a P lt and P lt P %t 
such that : 

W{P U ^ P lt ) = (P u a ®£ P U )W 

N no 

Moreover, for all v E D{p- 1 / 2 ), w E D(P 1 / 2 ), p, q in D( a H$,v) n D((H^)^ij ), we 
have: 

{W*{v a ®^ q)\w p ® a p) = {W{P~ 1/2 v p ® a J^p)\P 1/2 w a ® J$q) 

We shall say that the pseudo-multiplicative unitary W is "manageable" , with "managing 
operator" P, which implies (with the notations of 3.3) that A W {W) = A(W) = M and 

AJ^)=MW) 

As, for all s, t in M, we have r s o af = af o t s , we get that J<pPJ$, = P. 

(viii) Let us write M = A W {W) = A(W) and let us consider the coproduct V on M, then, 
by 3.3, (N, Ma, $, V) is a Hopf-bimodule; moreover, there exists a *-antiautomorphism 
R on M, such that R 2 = id, R o a = j3, and V o R = qv°(-R ( g*a and a left-invariant 

N 

normal, semi-finite, faithful operator-valued weight T from M to a(N). 

(ix) (N, M, a, f3, T, T, RTR, v) is a measured quantum groupoid, called the dual measured 

quantum groupoid of <&, we shall denote (5. Moreover, we have <5 = Q5. 

Proof. This is ([EG], 3.8, 3.10 and 3.11). □ 
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3.12. Example. Let 9 be a measured groupoid; using the notations introduced in 3.1 and 
3.4, we have seen that {L°°{^ \ v), T°°(9, fJ>), rg, sg, Tg) is a Hopf-bimodule; moreover, 
it is possible to prove that the formula which gives, for all positive F in L°°(S,//) the 
image by rg of the function u i— ► J g Fd\ u (resp. the image by sg of the function it i— > 
J g Fd\ u ) defines a normal semi-finite faithful operator-valued weight from T°°(9, /x) onto 

rg(L oo (S ( ' \ ^)) (resp. sg(L oo (S*- ' ) , ^)), which is left-invariant (resp. right-invariant) with 
respect to Tg as defined in 3.8; moreover, as L°°(9,/i) i s abelian, the measure v defines a 
relatively invariant weight as defined in 3.10. Therefore, we obtain a measured quantum 
groupoid (L°°(S^°' ) , v), T°°(9, /j), rg, sg, Tg, Tg, T g , z/), we shall denote <S(9). The dual 

(25(9) is symmetric : it is (L oo (9 ( - ' ) , ^), £(9), ?"g, ?"g, Tg, Tg, i/), where Tg is a normal semi- 
finite faithful operator- valued weight from £(9) to rg{L°°{^ \ is)) which is both left and 
right-invariant. ([L2], 10). 

4. A CANONICAL SUB- C*- ALGEBRA OF A MEASURED QUANTUM GROUPOID 

Be given a measured quantum groupoid = (N, M, a, f3, V, T, T', is), we consider in 
this chapter the sub-C*-algebra A n (W) fl A n (W)* of M; we obtain that it is dense in 
M (4.3(i)), invariant by R (4.4(i)), by erf and r t (4.5(i)). The results are more precise 
when iV is abelian : in that case, this C*-algebra is equal to A n (W) (4.3(h)) and the 
one-parameter group of automorphisms Tt is norm continuous (4.5(iv)). Moreover, we 
obtain more complete results if the one-parameter group jt is trivial (which is the case 
when a(N) C Z(M)); then, the modular groups o~f and uf oR are norm continuous on 
A n (W) (4.5(h) and (hi)). 

4.1. Lemma. Let £5 = (N, M, a, (3, T, T, T', v) be a measured quantum groupoid, and let's 
use the notations of 3.11. Then, if p belongs to D{ a H^ ) is)nD{{H^)^is )n ( D{P l f 2 ) such 
that P 1 / 2 p belongs to D{ a H^, is), and q belongs to D( a H<s,, v) n D((H^0, is°) n T>(P~ 1/2 ) 
such that P~ l l 2 q belongs to D[(H^)^,is°), then we have : 

(id * uJj^ P ,j 9q )(W)* = (id * ujpi/2 PtP -i/2 q )(W) 

and, therefore, {id* uo JiS>Pt j <s>q ){W) belongs to A n (W) H A n {W)*. 

Proof. Let us take v in D(P -1 / 2 ), w in D{P 1 / 2 )] then, we have, using 3.11(vii) : 

{{id* uJj„p,j^ q ){W)*v\w) = (v\(id*uj 9Pt j 9q )(W)w) 

= (V a®p Jq\W{lV f3® a Jp)) 
v° v 

= {W{P- 1 ' 2 v p ® a p)\P l / 2 w a ®~ p q) 

V yO 

= (W(v p® a P 1/2 p)\w a ®pP- 1/2 q) 

= {{id*uj p i/2 Pt p-i/2 q ){W)v\w) 
which, by density, gives the result. □ 

4.2. Lemma. Let G5 = {N, M, a, (3, T, T, T', is) be a measured quantum groupoid, and let's 
use the notations of 3.11. Then : 

(i) for any p in D{ a H$, is), there exists a sequence p n in D{ a H$, is) f]D{P 1 ^ 2 ) flT'(P~ 1 / 2 ), 
such that P 1 l 2 p n belongs to D( a H$,is), and such that R a,u {p n ) is weakly converging to 
R a '"{p). 

(ii) for any q in D{{H 9 )^v°), there exists q n in D((H$)p,is°) n ©(P 1 / 2 ) n V{P^' 2 ), 
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such that P 1 ' 2 p n belongs to D((H^)&,i/ > ), and such that R^' u °(p n ) is weakly converging 
to BP> v °(p). 

Proof. Let us write : 



p n = ^ r e~ nt2 P u pdt 



oo 



7T 

It is a usual calculation to prove that p n belongs to V(P 1 / 2 ) n V(P' 1 / 2 )] moreover, we 
get, for any a in OT,, : 



a(a)p n = ^ [ e- nt2 a(a)P u pdt 

K J-oo 

= ^ r e- nt2 P u a{a v _ t {a))pdt 

71 J-oo 



= ^- r e- n * > F it K>' v (p)A- it A v (a)dt 

^ J-oo 

from which we get that : 

\Ha)p n \\ < ^ f°° e- nt2 \\R a ^(p)\\\\A u (a)\\dt 

K J-oo 

which proves that p n belongs to D( a H§, v) and that : 

\\R a ' U (Pn)\\ < WR^ 

Moreover, we have, going on the same calculation : 



1 f°° 

R a ' v {p n )K{a) = - / e~ t2 P^R a ' v (p)A,fA u (a)dt 

K J-oo 



which, using Lebesgue's theorem, is converging to R a,u (p)A u (a). With the norm majora- 
tion, we get this way the weak convergence of R a,u {p n ) to R a,u (p), which is (i). Part (ii) 
is obtained the same way □ 

4.3. Proposition. Let <3 = (N, M,a>, (3,T,T,T' \v) be a measured quantum groupoid, 
and let's use the notations of 3.11. Then : 

(i) A n (W) r\A n (W)* is a non degenerate C* -algebra, which is weakly dense in M. More- 
over, if y £ N is analytical with respect to v, then a(y) and (3{y) belong to the multipliers 
of this C* -algebra. 

(ii) if N is abelian, then A n {W) is a non degenerate C* -algebra, which is weakly dense 
in M; moreover, we have a{N) C M(A n (W)) and f3(N) C M{A n (W)). 

Proof. Let £ and r\ in D( a H$,v) fl D((H^>)^ then, using 4.2, it is possible to con- 
struct sequences p n and q n such that R^' u ° {p n ) is weakly converging to R^ )U °{^) (or, 
equivalently, R a,u (J$p n ) is weakly converging to R a ' u { J$£)) and R a,v (q n ) is weakly con- 
verging to R a ' v {rj) (or, equivalently, R 13 '"" (J$q n ) is weakly converging to R^ ,v ° (J$ry)) , and 
such that, using 4.1, the operators (id * 0Jj 9Pn ,j 9 q n )(W) belong to A n (W) fl A n (W)*. 
So, the element {id * ujj^^j^iW) belongs to the weak closure of A n {W) fl A n (W)*. 
If £ belongs to D( a H^,u), and 77 to D((Hq>)p,u°), then, using 2.2, we obtain that the 
element (id*u^ :V )(W) belongs also to the weak closure of A n (W) C\A n (W)*. So, with the 
notations of 3.3, we get that A W (W) is included in the weak closure of A n (W) fl A n (W)*, 
and, using now 3.11(vii), we get that M is equal to the weak closure of A n (W) C\A n (W)*, 
which is (i). 
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Let us now suppose that N is abelian; then the weight v is a trace, and the managing 
operator P defined in 3.11(vii) is affiliated to a(N)' n (3(N)' . Let us write : 

poo 

P= e x de x 
Jo 

and let us define p n = J ± , de\. Then p n is an increasing sequence of projections, weakly- 
converging to 1, in a(N)' H (3(N)' . Let us take x in T^t (with the notations of 2.2); then 
the vectors p n A$(x) belong to D( a H$, v) n D((H*)p, v°) n 2)(P 1/2 ) n D(P~ 1 ' 2 ) and both 
P 1 / 2 p n A$(x) and P _1 / 2 p n A,j,(x) satisfy the hypothesis of 4.1. So, using 4.1, we get that, 
for x, y in T$, T , the operator (id * wj* Pn A*(x),j*p„A*(i/))(W') belongs to A n (W) H 
Using now ([] ], 10.5), we get, taking the norm limit, that (id * ^j a (x),j a ( v ))(W) 
belongs to A n (W) nA n (W)* for any x, y in T<s> t T, or that (id* u\^ x ) ! \^^ y ))(W) belongs to 
A n (W)nA n (W)*. Using now 2.2, we get that (id*u^ r] )(W) belongs'to A n (W) f]A n (W)*, 
for any £ in D( a H,u) and r\ in D(H&,i/°), and, therefore, we get that its norm closure 
A n (W) is also included in A n (W) H A n (W)*, which finishes the proof. □ 

4.4. Theorem. Let (5 = (N, M, a, (3, T, T, T", v) be a measured quantum groupoid; then, 
for any £, 77 in D( a H$, v), for all t in WL, we have : 

(i) R{{i*uv„)(W)) = {i*u^){W) 

(ii) T t ((i* uj Ui , v )(W)) = (i* ^ A -^ A -uj^)(W) 

(ill) <jf((i * Wi,j*r,)( W )) = (* * u S**J 9 6-«J*AZ a iJ>«J* v )( W ) 

af oR ((i * uJ Ui , v )(W)) = (i * uj p ^ S uj^-uj^tj^)(W) 
Proof. Results (i) and (ii) are ([L2] 4.6). 

Let us take £ = J^A^(yly 2 ), and rj = J$A$(x), with x, y±, y 2 in 91^ PI 01$; then, using 
3.9(h) and 3.11(h), we get : 

°t ((* * W i*A*b;i;2),A*w)(^)) = Uj*A*(v2),J*A*{ yi ) ° of ° R )T(r t (x*)) 

N 

which is equal to : 

(id (3* a ^j 4) A 4> (A*/2 (T * ? fl(2 /2 )) i j <i) A < i ) (A t /2 (T * ? fl(j /1 )))r(r i (x*)) 
N 

= (id p * a ^A $ ( CT *°fl( 2/2 )) ) j s A $ ( a -5°«( 2/1 )))r(AV t (x*)) 

N 

which, using again 3.9(h) and 3.11(h), is equal to : 

i l * U J^{af° R {yly 2 ))M{>fn{x)))\W) = (* * ^J^5-itJ^S»J 9 A»A^(yfy 2 ),P it A^(x)){ W ) 

which gives the first result of (hi), using 2.2. 
By similar calculations, we obtain : 

af oR ((i * u}j My * y2)A<s>ix) )(W)) = (id,3* a Wj, A «(i/ a ),j.A«(i ft ) ° T t)T(o-f oR (x*)) 

N 

which is equal to : 

(idfs* a ^J <i) A <i) (At/2 rt ( 3/2 ),J $ A $ (At/2r t (j /1 ))r(crf 0jR (x*)) = (i * LOj^ {x t Tt{y * y2))AiS>{u *oR {x)) )(W) 
N 

from which we obtain the second result of (hi). □ 
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4.5. Corollary. Let (55 = (N, M, a, (3, T, T, T', v) be a measured quantum groupoid, and 7t 
the one-parameter group of automorphisms of N defined in 3.11(v); let£, rj in D( a H,v), 
then : 

(i) We have R(A n (W)) = A n (W), and, for any t in R, we have af{A n {W)) = A n (W) 
andr t {A n {W)) = A n {W). 

(w) if {£,iOa,is belongs to C*(7) and (rj,r))^ v to C*{o~ u ), then (i * u^ tJtpri )(W) belongs to 

C*(cr*); so, if N is abelian, and if 7 = id, we have A n (W) C C*(cr*). 

(Hi) if (£,,£) a v belongs to C*(a u ) and {r],v)au to C*(7), then (i * u^j^iW) belongs to 

C*(a* oii ); so', ifN is abelian, and if 7 = id, 'we have A n {W) C C*{a^ oR ). 

M if (^0°a,u and (V,v)° a ,u belong to C*{a v ), then (i * uj u ^ v )(W) belongs to C*(r); so, 

if N is abelian, we have A n (W) C C*(r). 

Proof. By the weak continuity of 1 ^ a t( x ) an d x ^ T t{x), the first results are simple 
corollaries of 4.4(h) and (hi). Let now be V the self-adjoint positive operator defined on 
L 2 (N) defined, for all n in i Xl u and t in R by : 

V a A„(n) = K{ lt {n)) 

We have then : 

R^i^J^J^'ClKin) = a(ri)<f%<T 4 %A^ 

= a™ {a{n))i 
= oi(j t (n))£, 
= R a ' v {C)V u A v (n) 

from which we get that R a ' u (5 u J s <f- ft JsA^f) = R a > u (£)V u and that 
(fi a J*5^J*A?t,8 tt J*5-*J*Aj t t)° 0V , = i-t((^0%) 

Therefore, if the function t 1— > 7t((£, * s norm continuous, so is the function t 1— > 

\\R a (5 u J^~ u J^ u 0\\- 
On the other hand, we have : 

R a ' v (A^OA u (n) = a(n)A-^ = Afatfinftt = ^"(O^n) 

from which we get that (Aj Jt £, Aj**£)° v = from these results, using 4.4(iii) 

and 4.4(h), we get easily (ii), (hi) and (iv). □ 

4.6. Proposition. Let (55 = (N, M, a, f3, V, T, T', v) be a measured quantum groupoid; 
then : 

(i) if x is in 9I T H < JU, and y is in m T H WroTor H 9V, then (i * u} J<s> A$(y*y),A< s> (x*x))(W) 
belongs to 97tJ PI VJl$ and we have : 

* ^J^k^{ry)M{x*x)){W)) = (RoT o R(y*y)J$A$(x)\J$A0(x)) 

T((i * uJjzA< s ,(y*y),Az,( x *x))(W)) = a((T o R(y*y)J< s ,A$(x), J<f,A&(x)) a>1/ ) 

< \\ToR(y*y)\\T(x*x) 

(ii) if x, y are in ^t^^RoToR^^, then the operator (i * uj*A*( y * y ),A*(x*x)){W) belongs 

to 2tt+ n n <m + RoToT n mi oR . 

(Hi) if x, y are in TIt H VJIroTor H 9Jt$ fl 9JI$ .r, i/ien (i * UJ J^A^(y),A^(x)){W) belongs to 

WI T n mt$ n 9JWor n 2JI$ ,r. 
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Proof. Using 3.8, we obtain that the operator (i * tuj^^^ y *y^ A ^ x * x ))(W) is positive, and 
that : 

R o T((i * uj J<s>A ^ y * y)MAx * x) )(W)) = R o T o R((i * u)j^ {x * x) ^ {y * y) ){W)) 
which, using 4.4(iii) and the right-invariance of R o T o _R, is equal to : 

R o T o R((id {3* a uj J<fiAtj> ( x) )T(y*y)) 

N 

= (id p* a wj 4A4 ( a; ))(l p® a RoTo R(y*y)) 

N N 

= (3({RoTo R(y*y)J 9 At(x), J*A*(z)) a ,„) 

from which we get (i); we then get (ii) by using 4.4(i), and (hi) is just given by linearity. 

□ 

4.7. Lemma. Let (25 = (N, M, a, /3, T, T, T', v) be a measured quantum groupoid; let us 
define $ = v o a" 1 o T; then, we have, for all x in 91$ : 

Proof. Let y be analytical with respect to both $ and $ o R; we then get that : 
and, therefore : 

(^j s a $ (x) <>R,y) = ^(o-f /2 (R(y))x*x) 

= HR(**°? 2 (y)x*x) 

= <S>oR(R(x*x)a*°f 2 (y)) 
= $ o R(af / ° 2 R (y*)R(x)R(x*)) 

which, by a similar calculation, is equal to < Uj<s, oa A<t, aR (R(x*)), V* >; which gives the result. 

□ 

4.8. Lemma. Let (25 = (N, M, a, j3, T, T, T', v) be a measured quantum groupoid, and let 
us suppose that the von Neuman algebra N is abelian; let us use the notations of 4-3(iv) 
and consider the C*- subalgebra A n (W) of M (3.3, 4-3(iv)); for any x in O^nD^, there 
exists x n in A n (W) fl WIt H 9Jt$ such that A T (x n ) is norm converging to A T (x). 

Proof. As a(N) C M(A n (W)) (4.3(iv)), we get that T(A n (W) nWl T ) is an ideal of a{N), 
which, by normality of T, is weakly dense in N; let e n be a countable approximate unit 
of T(A n (W) fl 9JTt); we have e n T(x*x) = T(x*e n x), which is increasing to T(x*x), and, 
using Dini's theorem, is therefore norm converging to T(x*x). Let /„ positive in A n (W) 
such that e„ = T(f n ); we have e n T(x*x) = T(T(x*x)^ 2 f n T(x*xf/ 2 ) = T(x* n x n ), where 
x n = fn T(x*x) 1 ^ 2 belongs to A n (W)r\WlT- We then get that At{x u ) is norm converging 
to A T {x). □ 

4.9. Theorem. Let (25 = (TV, M,a, f3,T,T,T' ,u) be a measured quantum groupoid, and 
let us suppose that the von Neuman algebra N is abelian; let us use the notations of 
4-3 (iv) and consider the C* -subalgebra A n (W) of M (3.3, 4-3(iv)); then, for all x\, x<i in 

A n (w) n^ T n vi®, yi , y 2 in A n (w) n ?Wok n m^ oR 

(i) we have : 

(idf3* a toj 9 A 9 ( Xl ),j^(x 2 ))T(A n (W)) C A n (W) 

N 
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and the closed linear set generated by all elements of the form : 

(id /3* a wj t A 4 (iEi),j t A $ (ic 2 ))r(a;) 

TV 

where x is in A n (W), X\, x 2 in A n (W) H 9Zy H 9t$, is equal to A n (W). 
(ii) we have : 

id)T(A n (W)) c A n (W) 

TV 

and the closed linear set generated by all elements of the form : 

( w J*o«A*oi,(yi),A*ofl(s/ 2 ) P*a id)T(y) 

TV 

where y is in A n (W), y\, y 2 in A n (W) PI 91r tor H 9 r t$ _R, is egwa/ to A^W). 
Proof. Let us take x, x\, x 2 in 9tr H 91$; we have, by 3.9(ii) : 

(id p* a u J<s>A<s> ( Xl) ^ AiS>{x2 ))T(x*) = (id * LJ J<s>A<s> ( x * X2)tAi>{x ))(W) 

TV 

If x is in A n (W) H 9I T H 91$; by the norm density of A n (W) n 9T T n 91$ into A,(W), 
we get that, for any ?/ in A n (W), (id * a wj $ A*(xi),j$A$( a:2 ))r(y) belongs to A n (W), from 

TV 

which we get the first result of (i). 

Using 3.9(h), we get that the first closed linear set contains all elements of the form 
(id * ^j $ A $ (z*x 2 ),A.i,(a;))(W / ) ) where x, Xx, x 2 are in A n (W) fl 9t T H 91$, and, by linearity, 
all elements of the form (id * tOj^ A ^r y ^ A9 r x ))(W), where x is in A n (W) fl 9ty fl 91$ and 
y is in A n (W) fl VJUt H 9JT$; using then 4.8, we get it contains all elements of the form 
(id * c^j 4 ,A 4 ,(j / ),A <i ,(a;))(W / )5 where x, ?/ belong to 9tr fl 9T$; so, by prop 2.2, it contains all 
elements of the form (i*u^ tV )(W), where £ is in D( a H, v) and 77 is in D(H^, v°). Therefore, 
it contains A n (W), and, by the first result of (i), it is equal to A n (W), which finishes the 
proof of (i). 

We have now, using 4.7 : 

( UJ J^orA.Por(xi),A^or(x2) P*a id)T(x) 

TV 

= (^J 9 A^(R(x*),J^A 9 (R(xl)) R /3*a id)T(x) 

TV 

= R((id p* a ^J 9 K 9 {R{xl))J 9 K^{R{xl)))^(R(x)) 
TV 

which gives (ii). □ 

5. Measured quantum groupoids with a central basis 

We deal now with a measured quantum groupoid (3 = (N, M, a, fl, T, T, T ', z/), such 
that the von Neuman algebra a(N) is included into the center Z(M). Then, we obtain 
first some results about the restrictions of $, $ o R, T and RTR to the C*-algebra 
A n (W^) (5.3), and a Plancherel-like formula for the coproduct T (5.7), which gives that 
the coproduct sends the C*-algebra A n (W) in the multiplier algebra of the C*-algebra 
A n (W) /3® a A n (W). A summary of all these properties of A n (W) is given in 5.8. 

TV 
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5.1. Lemma. Let (J5 = (N, M, a, f3, F, T, T', u) be a measured quantum groupoid; then, 
are equivalent : 

(i) the von Neuman algebra a(N) is included into the center Z(M); 

(ii) the von Neuman algebra /3(N) is included into the center Z(M); 
(Hi) the representation {3 is equal to a. 

Proof. As (3 = R o a, with R an anti-*-isomomorphism of M, we see trivially that (i) 
and (ii) are equivalent. Moreover, as, by definition, we have (3{n) = J$a(n*)J$, where 
is the canonical antilinear bijective and involutive isometry on if$ constructed by the 
Tomita-Takesaki theory asociated to the weight $ = v o a" 1 o T on M, we get that (i) 
and (iii) are equivalent. □ 

5.2. Lemma. Let (5 = (N, M, a, f3, V, T, T', v) be a measured quantum groupoid; then : 

(i) A$(9T$ H 9lr fl 9t$ # fl WIrtr) is dense in if$ (\L2], 6.5), and the subset of elements x 
in 97t$ fl 9JIt H Wl<s>oR H VJIrtr which are analytic with respect both $ and $ o R, and such 
that af o af° R (x) belongs to 97t$ fl VJIt fl 9JT$ ,r H VJIrtr, for all z, z' G C, is a *-algebra 
dense in M ([L2], 6.6). 

(ii) let us suppose that a(N) is central in M; then, for any x G 9t$ fl 9?t ; there exists x n 
in 91$ D 9tr fl 9?$ r fl VIrtr such that A T (x n ) is norm converging to A T (x). 

Proof. Thanks to ([L2], 6.6), let's take h n increasing to 1, with h n in 97T$ fl 971^ fl 97T$ j? fl 
97t_RT_R, h n analytic with respect both $ and $oi?, and such that af oaf oR (h n ) belongs to 
97t$n97Trn97t$ 0j Rn97tii;T_R, for all z, z' G C. For any x in 91$, we get that x n = xaf^^hn) 
belongs to 91$ fl 9Tt H 9t$ # fl VIrtr, and we get that A$(a;<T* i / 2 (/i Tl )) = J$/i n J$A$(x) is 
converging to A$(x) (which gives an alternate proof of [L2], 6.5, mostly inspired from the 
initial one, that we shall use in the sequel of the proof of this lemma). Let us suppose 
now that a(N) is central in M, and let's take x G 91$ fl 91^, and p G 91^; we have : 

A T (x n )A v (p) = A$(xcr* i/2 (h n )a(p)) = A^(xa{p)a^ i/2 (h n )) = J$/i n ,J$A r (x)A i ,(p) 

from which we get, by continuity, that A T (x n ) = J$/i„ J$A T (x), and that A T (x n ) is 
weakly converging to A T (x); more precisely, we get that T(x* n x n ) = A T (x) J$/i^ J$A r (x) 
is increasing to T(x*x); if we write X for the spectrum of the C*-algebra generated 
by T(97Tt), using Dini's theorem in Co (A), we get that T(x* n x n ) is norm converging to 
T(x*x); more precisely, as : 

||A T (x„) - A T {x)\\ 2 = \\T(x* n x n ) - T(x*x n ) + T(x* n x) - T(x*x)\\ 

and T(x*x n ) = At(x)* J<$>h n J$At(x) = T(x* n x), we get the result. □ 

5.3. Theorem. Let <3 = (N, M, a, (3, T, T, T", v) be a measured quantum groupoid and let 
us suppose that a(N) is central in M; then the restrictions o/$ and §oR to the C* -algebra 
A n (W) are faithful lower semi- continuous densely defined KMS weights. Moreover, the 
restrictions ofT and RTR to A n {W) are densely defined. 

Proof. We have got in 4.6 (iii) that, for any x, y in 971$ fl 971^ fl 971$ _r PI WIrtr, the 
operator (i * ujj^( y ),A 9 (x))(W) belongs to Wl T H 971$ n 971$ r n WIrtr] using now 5.2 
and 2.2, we see that this set of operators are norm dense in the set of operators of the 

form (i * wj 4 ,a 4 ,(j/'),a*(^'))(^ / )' fo r an x ' i v' m ^* ^ us i n g again 2.2, we see that it is 
norm dense again in the set of operators of the form (i * u^iW), for £,r) G D( a H$, is), 
and, therefore, by definition, in A n (W). Moreover, by 4.5(h) and (iii), we get that the 
modular groups af and af oR are norm continuous on A n (W). □ 
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5.4. Lemma. In the situation of 5.1, let (ej)j 6 / be an (a, v)- orthogonal basis of H; then, 
we have : 

(i) for all £ 7 rj 2 in D( a H, u), and 771 in D( a H, u) PI D(Hp, u) : 



>V2 *id)(W)£ = ^2a(((id * uj^ ei )(W)rj u r] 2 } a)U )e i 



(ii) for all £1 in D(Hp, v), £ 2 in D( a H, v) PI D(Hp, v) and rj in D( a H, v) 
(ufrfy * id)(W)*rj = ( id * <0(W%)ft.>)ei 

i 

Proof. We have : 

i 

Let now £ be in if; we have then : 

id)WeiC) = V ((id*^, e4 )(W)»7i ei|r/ 2a ® Q C) 

= <*({{id * ^,e i ){ W )Vl,V2)a,u)e i \0 

i 

from which we get (i). 
We have : 

v 

Let now ( be in H; we have then : 

((uj^ 2 * td)(Wy V \C) = (%2(id*u; eitri )(Wy&f ) ® a e i \Z 1 f l ® a C) 

i v v 

= Ea«6,(W*w ei ,,)(WOeiW)e i |0 

i 

which finishes the proof. □ 

5.5. Lemma. In the situation of 5.1, let (e^^i be an (a, v)- orthogonal basis of H and 
J a finite subset of I; let us write pj = T, ieJ 9 a,u (ei, ej); then, for all S 1; H 2 in H p<g> a H, 

V 

the finite sum : 

J2((id * WwKW) p® a {id * ^, e J(iy))S 1 |S 2 ) 



is egim/ to : 



'/) 

JV TV at TV v v 

Proof. Let £1 be in D(Hp, u), £ 2 in D( a H, v) nD(H p ,u), rj x in D( a i7, 1/) fl D{Hp, v) and 
ry 2 in D( a H, u). If we take Si = £1 771 and H 2 = £ 2 ^CSc ^2, the scalar product we are 

V V 

dealing with is equal to : 

Y^pt{{{id * w eitn )(W)£i,£ 2 )fi, v )(id * ^,e i )(V^)77i|77 2 ) 
ieJ 
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Using the commutativity of N, we consider a({ei,ei) atU )(id * u^ e .)(W), which is equal 
to (id* W£, a ({ei,ei) a v )ei)(W) , thanks to the commutation relations of W, and the fact that 

a — $. But by 2.1, we know that a((ej, ej) aj „)ej = e^, and therefore : 

a((e h e i ) 0ltV )(id*u^ ei )(W) = (id * u^) (W ) 
So, this scalar product is equal to : 

V7ct(((zd * u e ^)(W)ii^ 2 ) p,u)(id * u^ ei )(W)rii a ® a a ® a e*) 

which is : 

2^(a({(id * u et)r j)(W)^ 1 ,^ 2 )f3,u((id * uj^ ei )(W)r]i,r]2)a,u)ei\ei) 

This is equal to : 

^2(a({(id * uj^ ei )(W)r}i, rj 2 } a>u )ei\a({^ 2 , (id * cv eij7] )(W)Ci) p, v )e%) 

which, thanks to 5.4(i) and (ii), is equal to : 

((u^ 2 *id)(W) Pj ( id)(W)^\v) 
Coming back to the calculations made in 3.7, we get it is equal to : 

(W(r]i p® a £)\rj 2 Pj( u ^2 * id)(W)*Tj) 

v v 

Defining now Q, Q as in 3.5, we get that it is equal to : 

(W( Vl p® a \T)2 a®a V tt((Ci, tl)p,v)VjQ 
V i 

Using 3.6, it is equal to : 

rj)) 

N v v v N v 

which is equal to : 

(^iaU-S P®a (1 a®aPj)W)(i 1 p® a T]i p® a 01^2 «®a W*(^ 2 a®a v)) 
N N u v v v 

from which we get the result, by linearity, continuity and density. □ 

5.6. Proposition. Let (N, M,a, (3,T,T,T f ,u) be a measured quantum groupoid, and let 
us suppose that the von Neuman algebra a(N) is included into the center Z(M); let 
(e-i)i£i be an (a, u)- orthogonal basis of H and J a finite subset of I; let us write pj = 
Y* ieJ 9 a,l/ (ei,ei); let k\, k 2 in % a ,u, £ i n D( a H,v), r\ in H; then, we have : 

limj\\(k 2a ®a (1 -pj))W(k 1 T 1 p ® a OH = 

N u 

Proof. Let rji in D( a H, v) H D(Hp, v) and r\2 i n D( Q H, v)\ we have : 

R a >»(pj(u m>m * id) WO = PJ^num * id)(W)R a >»(0 

and, therefore : 

which is increasing with J towards 

((u vuV2 *id)(W)£,( id) (woo a,v 
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Let X be the spectrum of C*(V), and let us identify C*(v) to C (X); using then Dini's 
theorem, we get it is norm converging, from which we infer that : 

limj\\R a > v {{\ - P j)(u vur]2 * id)(W)0\\ = 
But, by 5.4(i), we have : 

and, therefore : 

R a > u ((l- Pj )(uj vum * id) (WOO = %j^(e i )((id*^ ei )(W)77 1 , 77 2 ) a , I/ 

and : 

\\R^{{l- Pj ){u^ m ^d){W)i)\\ 2 = 

\\E^j((id * (v i)et )(W)rn, V2)* a ,„((id * uj^ ei )(W)r]i,r]2) a ,4 

We have : 



TV ? 



and, therefore 



%j((id * W£ jei )(W>i, T] 2 y {{id * UJt, ei ){ W )Vl,V2)a,v 



R a '"{Vx)*{4' a TW*{e^{r) 2 ,r) 2 ) a ® a (1 -p^W^i^'"^ 

S AT S 



and its norm is equal to : 



11(0^2,772) «®a (l- P j))Wpf a R^( Vi : 



So, we have that : 



UmjWiewfark) a ® a (l-pj))Wpf a R^( Vl )\\ = 



AT 

and, therefore : 



and we get : 



hmj\\(e a ^( V2lV2 ) a ® a (i-p,j))w P f a e a ' u ( Vl , Vl )\\ = 

N 5 



limj\\(e a < v (r l2 ,r l2 ) a ® a (1 - p J ))W{9 a ' v {r ]l , 7^)77 p ® a £) \\ = 

N 



from which we get the result. □ 

5.7. Theorem. Let {N, M,a, f3,T,T,T' ,u) be a measured quantum groupoid, and let us 
suppose that the von Neuman algebra a(N) is included into the center Z(M); let (ej)j g / 
be an (a, v)- orthogonal basis of H; then, we have, for all £ ; 77 in D( a H, u) 

T{{id * oj^){W)) = J2(id * u e . >ri ){W) p® a (id * u) (>ei )(W) 

i N 

where the sum is weakly and strictly convergent. 

Therefore, using the strict convergence, we get that Y(A n {W)) is included into the multi- 
plier algebra of the C* -algebra A n (W) p® a A n {W). 

N 
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Proof. Let £, rj in D( a H, u). Using 5.5, for all finite J C J, we have : 

Uj^dtuOCwO/j®,, (zd*^, ei )(^))|| < ||^(e)llll^(^)|| 

Let £1 be in D(Hp, u), £2 in D( a H, v) PI D(Hp, u), rji in D( a H, v) PI D(Hp, v) and 772 in 
D( a H, u); using 3.7 and 5.5, we have : 

(r((id * w €)IJ )(W0)(£i /3® a /3® a ?? 2 ) = ((t^ 1>& * id)(lf)(^ )W * id)(W0e|7?) 
is equal to : 

^2((id * uj ei ^)(W)^ p® a (id * u}^ ei ){W)r]i\^2 p® a V2) 
i v v 

If we apply 2.2 to the inclusion a(N) C M and the operator-valued weight T, we get 
that D( a H^>, v) nD((H$)p, v) is dense in and we obtain the weak convergence of the 
sum J2ii( id * Ueur^iW) p® a (id * uj^ ei ){W) to F((id * u itV )(W)). 

v 

Moreover, we get, using 5.5 that, for any fci, k 2 in % a>v : 
\{^j{id * u e . tV ){W)^ p® a k\(id * u^ i )(W)k 2 r] 1 \i2 p®* 772) I < 

V V 

I (k 2 a® a 

(1 - Pj))W(k 1 r] p® a Oil 11^1 /3®a mil 116 p®a 772 1 1 

-V v v v 

from which, thanks to 5.6, we get that : 

limj\\ y2{id*u eur] ){W) p® a k\(id * u (jei )(W)k 2 \\ = 
iij N 

Let now y±, y 2 , 2/3, 2/4 in ^(W), and e positive; as A n (W) C a(N)' = M(3C Qi „), there 
exists k G such that \\y\k — yi\\ < e, and \\y 2 k — y 2 \\ < e. Moreover, there exists a 
finite subset J C I such that : 

|| Y"(id*u eitV )(W) p® a k*yl(id*u; $tei )(W)y 2 k\\ < e 
lt j N 

As, for any finite J' such that J H J' = 0, we have proved that : 

UX>' d *oOW „®« (<d*« Cl e 4 )(woi| < 11^(01111^(^)11 

and, as S ieJ , 2/3 N * ^,77X^)2/4 /3®a y*(id * u^ ei )(W)y 2 is equal to : 

N 

[Vt P®a {yl-k*yl)}[\{id*u e ^)(W) p® a {id * uj^ ei )(W)][y 4 p® a y 2 } + 
N ieJI N N 

[y* 3 p® a k*y{]\S"(id * u eur ,)(W) p® a (id * oj $>ei )(W)][y 4 p® a (2/2 - ky 2 )} + 
n ieJ) N N 

[Vt P®a p® a (id * U£,ei)(W)][y4 p® a ky 2 \ 



N ieJ , N N 



we get that : 



*Y^yl(id * uJ ei ,r,)(W)y4 p® a y\(id * uj^ ei )(W)y 2 \ 



< 



N 



1| 1| M^^^Ce) II j|^"^C^7) Jl^ II 1| ||^j| M^^^Ce) II j|^"^C^7) 11^ 112/3 1| 
which gives the result. □ 
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5.8. Theorem. Let <3 = (N, M,a, (3,T,T,T f , v) be a measured quantum groupoid, such 
that the von Neuman algebra a(N) is included into the center Z(M); then, the C* -algebra 
A n (W) bear the following properties : 

(i) we have : a(N) C Z{M{A n {W))), and 0(N) C Z(M(A n (W))); 

(ii) we have : T(A n (W)) C M(A n (W) p® a A n {W)); 

N 

(Hi) A n (W) is globally invariant under the co-inverse R and the scaling group r t ; more- 
over, the restriction of r t to A n (W) is a one-parameter norm continuous group of *- 
automorphisms of A n (W); 

(iv) the restrictions o/$ and $ o R to A n (W) are faithful lower semi- continuous densely 
defined KMS weights on A n {W); the restrictions of T and RTR to A n (W) are densely 
defined. 

Proof. Result (i) had been obtained in 4.3(ii), result (ii) in 5.7, result (hi) in 4.5(i) and 
(iv), and result (iv) in 5.3. □ 

6. Measured Quantum Groupoids with a central basis and continuous 

fields of c*- algebras 

In this chapter, we go on with a measured quantum groupoid (N, M,a, j3,T,T,T' ,u) 
such that a(N) is included in the center Z(M); writing X for the spectrum of the C*- 
algebra C*(u) (which is the norm closure of 9Jl u , and whose multiplier algebra is the 
von Neumann algebra N), we show that the restrictions of a and (3 to A n (W) make, 
in two different ways, A n (W) be a Cq(X) — C*-algebra (6.1(i)), and, more precisely, 
a continuous field of C*-algebras (6.1(v)), because the restriction of T to A n (W) gives 
a field of lower semi-continuous faithful weights ip x (6.1(h)), whose representations ir^ 
form a continuous field of faithful representations of A n (W) (6. l(iv)). Moreover, the C*- 
algebra A n (PF) p® a A n (W) can be interpreted as the Blanchard's min tensor product 

N 

A n (W) p®™ A n (W) of these two fields of C*-algebras (6.3), and the restriction of T to 

Co(X) 

A n (W) sends therefore A n (W) into the multiplier algebra of this min tensor product 
(6.4), which is here associative. All these results are summarized in 6.5. 

6.1. Theorem. Let <3 = (N, M, a, /3, V, T, T', u) be a measured quantum groupoid, such 
that the von Neuman algebra a(N) is included into the center Z(M), and let X be the 
spectrum ofC*(u); we shall identify v with a positive Radon measure on X, and N with 
L°°(X, v) = Cb{X) (by 2.5, we have N = M(C*(i>)) ), and the positive extension of N can 
be identified with lower semi- continuous functions on X , with values in [0, +oo]. Then: 

(i) thanks to the *-homomorphism Q\c (x) (resp. f3\c (x)), the C* -algebra A n (W) is a 
Co(X) — C* '-algebra, in the sense of Kasparov- Blanchard flKa], [Bll]/ 

(ii) the restriction of the weight $ to the C* -algebra A n {W) can be disintegrated into a 
measurable field of lower semi- continuous faithful weights ip x , invariant under af, satis- 
fying the KMS conditions for o~f, and such that, for any a G A n (W) + : 

$(a) = / ip x (a)du(x) 
Jx 

Moreover, we can identify T(a) with the (image by a of the) function x (—> p x (a), which 
is therefore lower semi- continuous (and bounded continuous is a G DJl^). 
(Hi) for any f G Cb(X) + and a G A n {W) + , we have ip x (a(f)a) = f(x)(p x (a), and 
<^(a) = if and only if a G a{C x {X))A n {W) . 

(iv) the representations it^x form a continuous field of faithful representations of A n {W). 
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(v) thanks to the *-homomorphism a\c {X) (resp. (3\c (X))> the C* -algebra A n (W) is a 
continuous field over X of C*- algebras. 

(vi) we have : 

r® 

Hq, = / H tp xdv{x) 
Jx 

M= 7rAA n (W)/a(C x (X))A n (W)Ydu(x) 



x 



r® 

$ = / 7p*dv(x) 
Jx 



where (p x is the faithful semi-finite normal extension to ir ip x(A n (W)/a(C x (X))A n (W))" 
recalled in 2.5, and : 

T( / a x du(x)) = {x h-> W(a x )) 
Jx 

where a = a x dv{x) G MjT. 

(vii) let R be the coinverse of (5; then R\a„(w) can be disintegrated into a continuous field 
R x : A n (W)/a(C x (X)A n (W) -> A n (W)/(3(C x (X)A n (W)), and we have : 

r® 

H<s>oR = / H v x oR xdu(x) 
Jx 

M= n^oR*{A n (W)/P{C x {X)A n {W))"dv{x) 
Jx 



$ o R = / (p x o R x dis(x) 
Jx 

where ip x o R x is the faithful semi-finite normal extension to n v x oRX (A n (W) / f3(C x (X)A n {W)y ) , 
and : 

RTR( / b x dv(x)) = (x^ ip x o R*(b x )) 
Jx 

where b = j'^b x di'{x) G Tl RTR . 

Proof. By 4.3(iv), we get that a(C*(u))c M(A n (W)), and with the hypothesis, we get 
that a(C*(v))c Z(M(A n (W)), which gives the first part of (i); the same holds if we take 
(3 instead of a, which finishes the proof of (i). The first part of (ii) is given by ([T], 4.11); 
moreover, the application which sends Y G M + on the image under a of the function 
x i — > (p x (Y) (with the notations of 2.5) is a normal semi-finite operator-valued weight T' 
from M onto a(N), such that v o a' 1 oT'=$ = i/o a' 1 o T, from which we infer that 
T = T'\ taking now the restrictions to A n (W) + , we finish the proof of (ii). 
The first result of (iii) is just the operator- valued weight property of T' discussed in 
the proof of (ii); let now a G A n {W) + such that (p x (a) = 0; then T(a) is a the image 
under a of the lower semi-continuous function x i— > (p x {a) = f(x); and let us write 
f p = [m/(l,/)]VP; then f p G N = C b (X), a(f p ) G M(A n (W)), and a(f p )A is included 
into a(C x (X))A n (W); but a(f p ) is increasing to suppT(a) (in a(N)); therefore, a(f p )a 
is increasing to a x suppT(a), which is less than a; but, as : 

T(a x suppT(a)) = T(a) x suppT(a) = T(a) 

using the faithfullness of T, we get that a x suppT{a) = a, and, therefore, that a(f p )a is 
increasing to a; let B be the abelian C*-algebra generated by a(Cb(X)) and a, and let 
y be the spectrum of B; then, we can identify B with C(Y), and, using Dini's theorem 
on y, we get that a(f p )a is norm converging to a, and, therefore, that a belongs to 
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a(C x (X))A n (W) , which finishes the proof of (iii). 

Let a G OTy, b G M, analytical with respect to $; then, by ([E6], 2.2.2), ab belongs to 
9V , and A T (ab) = J<$>cr' 5 L i j 2 {b*) J$A T (a), from which we get : 

T(b*a*ab) = A T (a)*J 9 a% /2 (b*)*a% /2 (b*)J$A T {a) 

or : 

T{(^ l/2 {b*Ya*aat l/2 ib*)) = A T (a)* J^b*bJ^A T (a) 

let us take now a family bk G A n (W) fl 9JIt increasing to 1 (which exists, thank to 4.6 (i) 
and 4.9(i)). Then, the elements : 

/+oo 
e~ t2 af(b k )dt 
-oo 

are in A n {W) HWIt, analytical with respect to $, and such that af (cfc) belongs to A n (W) 
for any z£C, and the family c k is increasing to 1. So, we get that the sequence : 

n(^V c *)* aW V c fc)*) 

is increasing to T(a*a). By Dini's theorem (in Co(AT)), we get that it is norm converging, 
and therefore, we have, for all x G X : 

Um k ^((a^ /2 (ciya*aa%(cir) = ^(a*a) 

and, therefore, for any x G X : 

^m fc ||7r^(a)A^((CT $ i/2 (4))|| 2 = y9 x '(a*a) 

So, if a G OTt is in the kernel of ir^x, we get that ip x (a*a) = 0, which, by (iii), implies 
that a*a belongs to a{C x (X))A. Let now e\ be an approximate unit of WIt^i A n (W); we 
get that at\ is in 971^ PI A n (W), and in the kernel of tt^x, and, therefore, by polarisation, 
belongs to a(C x (X))A. As ae\ is norm converging to a, we get that a G a^C^AT))/!, 
which gives (iv). Then, the first part of (v) is given by ([B12], 3.3), and the proof for f3 is 
made the same way. The proof of (vi) is then standard. Let's apply (vi) to the opposite 
measured quantum groupoid (J5° = (N°, M, j3, a, snT, RTR, T, v°) and we get (vii). □ 

6.2. Definitions. The left A n (jy)-module A n (W) D^It is, using ct\ Cb (x) (4.3(h)), a right 
Cf,(X)-module, and, equipped with the inner product (a, b) t— > T(b*a), is a inner-product 
Cft( AT) -module in the sense of [La]. (We write inner products left linear). 
We can see its completion £$ as the norm closure of the set {At (a), a G yiTnA n (W)}; then 
the left- A n (W) -module structure of £$ gives that the restriction of 7r$ to A n {W) can be 
considered as a Cb(AT)-linear morphism from A n (W) into £(£$). Taking the specialization 
at the point x G X, we obtain an Hilbert space (£$) x , which is the completion of the inner 
product in A n (W) fl 91^ given by (a, b) \— > ip x (b*a); from which we get that (£$) x = H^x, 
and that the representation n x obtained by the specialization of ir<s>\A„(W) is equal to 
Ktpx. We have obtained in 6 . 1 (iii) that ip x is faithful on A x , and in 6.1(iv) that 7T(px is a 
continuous field of faithful representations of A ([B12], 2.11). 

Moreover, we had got in ([E2], 10.1) that H§ can be written as j® H x du(x), where 
the Hilbert spaces H x are defined, by separation and completion, from the sesquilinear 
positive form defined on D( a H$, v) by (£, r\) \— > (£, rf) ajV (x). It is then starightforward to 
get that H x = H^, and that 7r$ = f x ir ip xdu(x). Then, it is clear that, if £ belongs to 
D( a Hq,, v), and ||£|| = 1, that the application a \— > (a£,£) a>l , is a continuous field of states 
on A n (W). 

Using (3, we get another C*o(X)-Hilbert module £$ _r, and that 7T^ R\A n (W) is a Cb(X)- 
linear morphism from A n {W) into £(£$ /j). 
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6.3. Corollary. Let (S = (N, M, a, /3, V, T, T', u) be a measured quantum groupoid, such 
that the von Neuman algebra a(N) is included into the center Z(M). Let X be the 
spectrum ofC*(u); using 6.1(i), let us denote A n (W) p®™ A n (W) the minimal tensor 

C*o(X) 

product of the C (X) — C* -algebras A n (W) (via (3) and A n {W) (via a), which is then 
isomorphic to A n {W) p® a A n {W) and associative (2.6). Then : 

Co(X) 

(i) the C* -algebra A n (W) p®™ A n (W) has a faithful representation w on the Hilbert space 

C (X) 

H<$, p® a H<$, such that, for all a x and a 2 in A n (W), we have : 

V 

zu(a 1 ® a 2 ) = a x p® a a 2 

N 

(Hi) for any finite sum with and hi in A n (W), we have : 

n n 
II y^Qj ® h\\m = || p® a bi\\ 

i=l i=l N 

(iv) If x, y are in A n (W), the application x®y^ ||x p® a y\\ extends to a C* -semi-norm 

N 

on the algebraic tensor product A n {W) © A n (W) and to a C*-norm on the quotient of 
this algebraic tensor product by the ideal generated by the operators of the form 

{x/3(f) ®y-x® a(f)y, x,y G A n (W)J G N} 

Therefore, the C* -algebra A n (W) p® a A n (W) can be considered as the min tensor product 

N 

of the C Q {X) - C* -algebra A n (W) (via /3) with the C (X) - C* -algebra A n (W) (via a). 

(v) If £ G D( a H<s>, v) let us denote the continuous field of states on A n (W) introduced 
in 2.6 (which is the restriction of the spatial state uo^ on A n (W)); then it is possible 
to define a positive linear bounded application id p®™ uj^ from A n {W) p®™ A n (W) to 

C (X) C (X) 

A n (W), (and from M(A n (W) p®™ A n (W)) to M(A n (W))), which is the restriction of 

C Q (X) 

the conditional expectation id p® a uo^ to A n {W) p®™ A n (W). 

N C (X) 

(vi) the application from Cq(X) into M(A n (W) p®™ A n (W)) defined by : 

C {X) 

f -> P(f) P®a 1 = 1 P< <*(/) 
C (X) C (X) 

gives to A n {W) p®™ A n (W) a structure of a continuous field of C*- algebras. 

Co(X) 

Proof. Using ([Bll], 4.1), we get that there exists a faithful C (X)-linear representation 
of A n (W) p®™ A n (W) on the Hilbert A n (W)-modu\e 8.^ oR ® Co (x) A n (W), which sends 

C (X) 

the finite sum Ya=i a i®h on the operator Ya=i K$> o n{ai)®c (x)h on 8,^ oR ® Co (x)A n (W). 
Let's have a closer look at this last operator, and let's take finite families Xj G OT^or, 
Cj G 9?$ (J = 1, ...,m). With a repeated use of Cauchy-Schwartz inequality, and with the 
same arguments as in ([LI], 1.2), one gets that the weight $ applied to : 

i=n,j=m i=n,j=m 

( ^ ir$ oR (ai)A RTR (xj) ®c (x) kcj, ^ ir$oR(ai)A RTR (xj) ® Co (x) hcj) 

i=l,j=l i=X,j=X 
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is less than : 

n mm 
i=l j'=l j=l 

But, we easily get that : 

m m 

A T (xj) ® Co (x) Cj ,J2M^) ®c (x) 9)) = $(^« o p^RTRixp^cj] 



■m 



i=l 

and, therefore, we get that : 

i=n,j=m 

|| 7r 1>°fi( a i) A 1'°«( :r i) /3®a 7T cE ,(6 i )A < j > (c J )|| 2 

i=l,i=l 

is less than : 

n m 

|| ^TT^ofiK) ®C (X) ^fll 5^ 0®<* A $(" 

i=l j=l 

which, using ([Bll], 4.1), is less than : 

|| y^Qi <8> 6» j | ^ 1 1 A^ 0jR (ar,- ) /3® a A$(cj)|| 2 
From which we induce that : 



c j ■ 



^ 7r< f°«(°i) P®<* II < II 5^ fli ® &i 

i=l ^ i=l 



which gives (i). 

Let us suppose now that X^=i ^o^Oi) p® a ^(h) = 0; with the same calculation as 

N 

above, using the faithfulness of $, we get that, for any finite families (xj)j=i,.. m an d 
{cj)j=i,.. m , we have : 

i=n,j=m 

^ 7T$o_R(ai)A i?Ti? (x j ) ®C (X) &iCj = 

i=lj=l 

which gives that the operator Y17=i 71 <s>or(ch) <8>c (X) h on £$ r ®c (x) Ai(W0 is equal to 
0. By the faithfulness of the representation constructed in ([Bll] 4.1), we get that 

n 

|| bi\\ m = 

i=i 

and, therefore, that J2i=i a « ® belongs to the ideal J(A n (W), A n (W)) introduced in 
([Bll], 2.1). But, as the semi-norm Y^i=i a i®i>i^ || Y17=i a « ® h\\m is the minimal semi- 
norm on (A n (W) QA n (W))/J(A n (W), A n (W)) ([Bll], 2.9), we get (iii). Now (iv) is given 
by ([Bll], 3.1) and 6.1(v), and (v) is trivial. 

Let's use (iv) and consider A n {W) p®™ A n (W) as a C*-algebra on H<$, p® a H^,, which is a 

C (X) v 

sub- C* -algebra of M p* a M; on this von Neumann algebra, the slice map (idp® a T) defines 

N N 

a normal faithful operator- valued weight from M p* a M onto M p* a a(N) = M p® a 1; 

N N N 
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then, composing with RTR, we get a normal faithful operator-valued weight RTR p® a T 

N 

from M p * a M on /3(N) p® a 1 = 1 p®a a(N). 

N N N 

Let A be in 9JtJ, A = J® a x du(x), and B be in9Jt^ TiJ , B = b x du(x); using 6.1(vi) and 
(vii), we get that (RT R p® a T)(B a ® p A) is equal to the function ih^o R x (b x )cp x (a x ), 

N N 

from which we get that this operator-valued weight RTR p® a T is semi-finite. 

N 

Let now C G A n (W) p®^ A n (W)n^ RTR 0qT) ; (RTRp® a T)(C) is an element of iV + , and 

therefore a positive bounded continuous function /onl; let us suppose that f(x) = 0; 
let us write, as in the proof of 6.1(iv), f p = [m/(l, f)]^ p ; then f p £ N = Cb(X), and, as 
in 6.1, we shall obtain that C belongs to the ideal in A n (W) p®™ A n (W) generated by 

Cq(X) 

1 p®™ a(C x (X)) = (3{C X {X)) p ®™ 1. Taking now C E A n (W) ^ A n {W) nm iRTR ^ aT) , 

C (X) C (X) C (X) n 

in the kernel of 7r^ ^ p®™ n v x, we shall obtain, using similar arguments, that C belongs 

Co(X) 

also to that ideal; finally, using again an approximate unit, we shall obtain the same 
result for C G A n (W) p®™ A n (W) in the kernel ir^oR* p®™ n<p x ) therefore, we get that 

Co(X) C (X) 

ft<fi*oR* (3® a n v x 1S a continuous field of faithful representations of A n (W) p®™ A n (W), 

C {X) C (X) 

which proves (vi). □ 

6.4. Theorem. Let (JV, M, a, fl, T, T, T', v) be a measured quantum groupoid, and let us 
suppose that the von Neuman algebra a(N) is included into the center Z(M); then, 
for all x in the C* -algebra A n {W), T(x) belongs to the multipliers of the C* -algebra 
A n {W) p® a A n {W); using 6.3, we get that the restriction of Y to A n (W) sends A n (W) 

N 

into M(A n (W)p®™ A n (W)). 

Proof. Let ^, r] in D( a H, v)\ using 5.7, the operator T((id * u^^iW)) is a strict limit of 
elements in A n (W) p® a A n (W), and therefore belongs to M(A n (W) p® a A n (W)), from 

N N 

which we get the result, by definition of A n (W). □ 

6.5. Theorem. Let & = (N, M,a, /3,T,T,T',u) be a measured quantum groupoid, and 
let us suppose that the von Neuman algebra a(N) is included into the center Z(M); let 
X be the spectrum ofC*(v), and, for x G X , let C X (X) be the subalgebra of Cq(X) made 
of functions which vanish at x; let R be the co-inverse of 0; then : 

(i) thanks to the *-homomorphism a\c (x) (resp. /3\c {x)), the C" '-algebra A n (W) is a 
continuous field over X of C*- algebras; therefore, ([Bll], 4-V> Blanchard's minimal tensor 
product A n (W) p®™ A n {W) is associative; 

Co(X) 

(ii) the restriction of the coproduct to A n (W) sends A n (W) into M(A n (W) p®™ A n (W)); 

Co(X) 

(Hi) for any a G A n (W) + , we can identify T(a) with the (image by a of the) function 
x i — > ^p x {o), which is lower semi- continuous (and bounded continuous is a G DJl^). 

(iv) for any f G Cb(X) + and a G A n (W) + , we have (p x (a(f)a) = f(x)ip x (a), and <p x (a) = 
if and only if a G a(C x (X))A n (W). 

(v) the representations n^x form a continuous field of faithful representations of A n (W), 
when considered, thanks to a, as a continuous field over X of C*- algebras; 
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(vi) there exists an linear anti-* -isomorphism R x from A n (W) /a(C x (X))A n (W) onto 
A n (W)//3(C x (X))A n (W), and, considering, thanks to (3, A n (W) as a continuous field 
over X of C* -algebras, <p x o R x is then a field of lower continuous faithful weights, such 
that KipxcRx form a continuous field of faithful representations of A n (W). 

(vii) the representations tt^ oR x p^^ir^ form a continuous field of faithful representations 

Co(X) 

of A n (W) p<%)™ A n (W) ; which gives to that C* -algebra a structure of continuous field over 

Co(X) 

X of C* '-algebra, thanks to the application which sends f G Cq(X) on 1 p§§™ «(/) = 

Co(X) 

C (X) 

(viii) for any a G A n {W) + fl fXflr, and r\ G D((H$)p, v), such that \r\\ = 1, we have, for 
all x & X : 

ip x [{u v p®™id)T(a)]=v x (a) 

C (X) 

Proof, (i), (iii), (iv), (v) are taken from 6.1(v), (ii), (iii) and (iv); (ii) is 6.4; (vi) is an 
easy corollary, (vii) was obtained in 6.3(vi), and (vii) is just given by restriction of the 
formula on SDTj. □ 

7. Abelian measured quantum groupoids 

We consider now the case of an "abelian" measured quantum groupoid (i.e. a measured 
quantum groupoid (J5 = (N, M, a, j3, T, T, T', v) where the underlying von Neuman algebra 
itself is abelian); then we prove that it is possible to put on the spectrum of the C*-algebra 
^4n(W^) a structure of a locally compact groupoid, whose basis is the spectrum of C*(u) 
(7.1). Starting from a measured groupoid equipped with a left-invariant Haar system, 
we recover Ramsay's theorem which says that this groupoid is measure-equivalent to a 
locally compact one (7.2). 

7.1. Proposition. Let <3 = (N, M,a, /3,T,T, T', v) be a measured quantum groupoid, 
and let us suppose that the von Neuman algebra M is abelian; let us write S for the 
spectrum of the C* -algebra A n (W), and 2^ for the spectrum of the C* -algebra C*(u). 
Then : 

(i) there exists a continuous open application r from 9 onto 9 > such that, for all f G 
Co(S < - ' ) )j we have ct(f) — for; there exists a continous open application s from S onto 
g(°) ; such that, for all f G c7 (g(°)) ; we have (3{f) = fos. 

(ii) there exists a partially defined multiplication on 9, which gives to % a structure of 
locally compact groupoid, with g(°) as set of units. 

(iii) the application defined for all F continuous, positive, with compact support in g , by 
F i — > a~ 1 (T(F))(u), defines a positive Radon measure X u on 9, whose support is 9 U . The 
measures (A u ) ugg (o) are a Haar system on 9. 

(iv) the trace v on C*(u) leads to a quasi- invariant measure (denoted again by v) on 9^. 
Let n = f g{Q) \ u du{u); then : 

(N,M,a,(3,T) = (L 00 (g(°),i/),L 00 (g, / i),r s , Ss ,r s ) 

where rg, sg, Tg have been defined in 3.1. Moreover, then, the operator-valued weights T 
and RTR are given, for any positive F in L°°(g, v) by : 

T(F)(u) = [ Fd\ u 
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RTR(F)(u) = [ FdX u 
Js 

where X u is the image of X u under the application (x i— » x" 1 ). Therefore, with the nota- 
tions of 3.12, we have : 05 = (25(3). 

Proof. As a(N) C M(A n (W)), we can construct by restriction a continuous application 
r from 9 into 9 < '°' ) such that, for all / G Co(S*-°' ) ) = C*(i/), we have a(/) = / o r; we 
can construct the same way a continuous application s from 9 into 9^ such that, for all 
/ G Co(9^) = C*(z/), we have /?(/) = for. The applications r and s are open by ([B12], 
3.14), which gives (i). 

The application R from A^W) into itself leads to an involutive application in 9, we shall 
write x i— > x~ l , and, using that R o a = (3, we get that r(x _1 ) = s(sc) and s(x _1 ) = r(x). 
Thanks to 6.1, we may apply ([Bll], 3.1) to A n (W), which we identify to C (9), and 
we obtain that the commutative C*-algebra A n (W) p®™ A n (W) is the quotient of the 

C*-algebra A n (W) <g> A n (W) (identified with C (9 2 )) by the ideal generated by all the 
functions (xx, X2) f(s(xi))g(xi, X2)— f(r(x2))g(xi, X2), where xi, X2 are in 9, / in C*(i>) 
(identified with C (9 (0) )), and g in C (9 2 )- So, a non zero character on A n (W) <g>™ A n (W) 

C*{u) 

is a couple (xi,^) in 9 2 such that s(xi) = r(x2); let us write 9 ( ' 2 ' ) for the subset of such 
elements of 9 2 - 

Therefore, we can identify A n (W) A n {W) to Co(S^ 2 ' ) )- Therefore, we see that the 

restriction of Y to 74 n (iy) leads to a continuous application from into 9, which gives 
to 9 a structure of locally compact groupoid, which is (ii). 

As A n (W) fl £DTt is a dense ideal in A n (W), it contains the ideal 3C(9) of continuous 
functions on 9, with compact support; for all F in 3C(9), tt " 1 (^ 1 (-^ 7 ')) belongs to C;,(9^ ' ) ), 
and, for all u e 9 (0) , F ^ a" 1 (T(F))(«) defines a non zero positive Radon measure A" 
on 9; it is now straightforward to get, from the left invariance of T, that (A") ugg (o) is a 
Haar system on the groupoid. Starting from R0T0R, we obtain measures A„, which are 
the images of X u by the inverse. 

The modulus 5 of the measured quantum groupoid gives that the trace v on C*(u) is a 
quasi-invariant measure on 

Now, by density reasons, we shall identify N with L°°(^ \ /-0, M with L°°(9,/i), where 
/i is the measure on 9 constructed from /1 and the Haar system, a with rg, /3 with sg, T 
with Tg, and we obtain the required formulae for the left and right Haar systems. □ 

7.2. Ramsay's theorem [Ra]. Let 9 be a measured groupoid, with 9 < -°- ) as space of units, 
and r and s the range and source functions from 9 to S , with a Haar system (A u ) ugg (o) 
and a quasi-invariant measure v on 9 ( - ^ Let us write fx = J gm \ w dv. Let Tg, rg, sg be 
the morphisms associated in 3.4- Then, there exists a locally compact groupoid 9? with 
set of units S^, with a Haar system (A u ) ugg ( ), and a quasi- invariant measure v on 9^, 
such that, if fx = Jg (0) X du, we get that the abelian measured quantum groupoids 05(9) 
and 05(9) are isomorphic. 



Proof. Let us apply 7.1 to the commutative measured quantum groupoid 05(9) con- 
structed from the measured groupoid 9- Then, we get the result. □ 

36 



8. Measured fields of locally compact quantum groups 

In this chapter, we define a notion of measured field of locally compact quantum groups 
(8.1), which was underlying in [B12]. We construct then from such a field a measured 
quantum groupoid (8.2), and we show that the measured quantum groupoids obtained 
this way are exactly the measured quantum groupoids with a central basis, studied in 
chapters 5 and 6, such that the dual object is of the same kind (8.5). We finish by 
recalling concrete examples (8.7, 8.8, 8.9) given by Blanchard, which give examples of 
measured quantum groupoids. 

8.1. Definition ([L2], 17.3). Let (X, v) be a a-finite standard measure space; let us take 
{M x ,x G X} a measurable field of von Neumann algebras over (X, v) and {(p x ,x G X} 
(resp. {ip x }) a measurable field of normal semi-finite faithful weights on {M x } ([T], 4.4). 
Moreover, let us suppose that : 

(i) there exits a measurable field of injective *-homomorphisms T x from M x into M X ®M X 
(which is also a measurable field of von Neumann algebras, on the measurable field of 
Hilbert spaces H^x ® H^xj. 

(ii) for almost all x G X , G x = (M x , T x , ip x , ip x ) is a locally compact quantum group (in 
the von Neumann sense ([KV2]). 

In that situation, we shall say that (M x , T x , (p x , if) x , x G X) is a measurable field of locally 
compact quantum groups over (X, v) . 

8.2. Theorem ([ ], 17.3). Let G x = (M x , T x , i^ x , x G X) be a measurable field of 
locally compact quantum groups over (X, v). Let us define : 

(i) M as the von Neumann algebra made of decomposable operators J x M x dv[x), and 
a the ^-isomorphism which sends L°°{X,v) into the algebra of diagonalizable operators, 
which is included in Z(M). 

(ii) $ (resp. fy) as the direct integral f® ip x dv(x) (resp. f? ip x dv(x)). Then, the Hilbert 
space H§ is equal to the direct integral H ip xdv{x), the relative tensor product Hq, a ® a H<$> 

is equal to the direct integral [^(H^x <g> H ip x)di , {x), and the product M a * a M is equal to 

N 

the direct integral J^(M X ® M x )dv(x). 

(Hi) T as the decomposable *-homomorphism j®T x dv(x), which sends M into M a * a M. 

N 

(iv) T (resp. T') as an operator-valued weight from M into a(L°°(X, u)) defined the 
following way : a G M + represented by the field {a x } belongs to if, for almost all 
x G X , a x belongs to VJl^x (resp. DJl^x ), and the function x i— > ip x (a x ) (resp. x t— > tjj x (a x ) ) 
is essentiallly bounded; then T(a) (resp. T'(a)) is defined as the image under a of this 
function. 

Then, (L°°(X, u), M, a, a, T, T, T', v) is a measured quantum groupoid, we shall denote by 
f®G x dv(x). 

Proof. The fact that H§ = H^dv[x) is given by ([T], 6.3.11). Then, we can identify, 
for an element a G 9Xj> represented by the field {a x }, A$(a) with J® A. ip x{a x )di , {x). If 
£ G H$, £ can be represented by a square integrable field of vectors moreover, if 

£ G D( a H^>, v), we get that there exists C > such that, for all / G L°°(X, v)nL 2 (X, u): 

I \\f{x)C\\ 2 dv{x)<C [ \f{x)\ 2 dv{x) 

which gives that the function x i— > \\£, x \\ 2 is essentially bounded. It is then straightforward 
to get that this function is equal to the element (£,£) a ,v of L°°(X, v). 
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So, the relative tensor product H$ a a H§ is the completion of the algebraic tensor 

V 

product D( a H$, v) ©A$(D r t$) by the scalar product defined by the formula (where b £ 91$ 
is represented by the field {b x } and t] £ D( a H$, v) is represented by the vector field {t] x }): 



x 

from which we get that H§ a ® a H$ = j®{H^ ®H lf x)dv(x)\ it is now straightforward, to 
obtain that M a * a M = J^(M X © M x )dv(x). We then get that the *-homomorphism Y 

N 

defined in (iii) is a coassociative coproduct which makes (L°°(X, u), M, a, a, V) a Hopf- 
bimodule. 

Then, T as defined in (iv) is an operator- valued weight from M to a(L°°(X,u)), which 
verify, by definition voa~~ l oT = $; therefore, T is normal, faithful, semi-finite. If a £ 97tJ 
and is represented by the field {a x }, for almost all x £ X, a x belongs to fJJt v x, therefore, 
T x (a x ) belongs to Wlid®<p*, and (id © (p x )T x (a x ) = (p x (a x )lM*- Let now £ £ D( a H^,u), 
represented by the vector field We have : 



„® Q id)T(a)] = / (ugc © ip x )T x (a x )du(x) 

N Jx 



X 



ip x (a x )(jj^(l M x)diy(x) 
from which we get that (id a © a $)T(a) = $(a)l, and, therefore, that : 



N 



(id a ® a T)T(a) = T(a) a ® a 1 

N N 

the right-invariance for T 1 is proved the same way. 

Finally, thanks to ([T], 4.8), we have, for any a £ M, represented by the field {a x } 
and t £ 1, of (a) = j® of (a x )du(x) and erf (a) = j x of Therefore, the 

commutation, for almost all x £ X, of of and of ([KV1] 6.8) gives that v is relatively 
invariant. □ 

8.3. Proposition. Let (X,u) be a o-finite standard measure space, and {G x ,x £ X} a 
measurable field of locally compact quantum groups, as defined in 8.1; let J® G x dv(x) be 
the measured quantum groupoid constructed in 8.2; then : 

(i) we have a = (3 = (3; 

(ii) the pseudo-multiplicative unitary of the the measured quantum groupoid is a unitary 
on H<s> a ©Q, Hq,, which is equal to the decomposable operator J x W x di / (x), where W x is 

the multiplicative unitary associated to the locally compact quantum group G x . 

(iii) we have : 



p® p Q) 

/ G x du(x) = / G x dv(x) 
Jx Jx 



Proof. The fact that (3 = a is given in the definition of G x du(x); moreover, as 
a(L°°(X, v)) C Z(M), we have j3 — a, which is (i). Therefore, the pseudo-multiplicative 
unitary W is a unitary on i?$ Q ,© a i?$ = J x (H^x ®H v x)dv(x). Moreover, using 3.9(i), we 



V 
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get, for all v G D( a H^,, u), represented by the vector field {v x }, and a G represented 
by the field {a x } : 

W*(v a ® a A$(a)) = A*[(w wA a ® a id)r(a)] 

v v N 

% 

where (d)iei is an orthogonal (a, v) -basis of H$; each & is in D( a H^,f), and is repre- 
sented by a field {£f}; for almost all x G X, the vectors (£f)tei (more precisely, those 
which are not equal to 0) are an orthogonal basis of ([E2],10.1); therefore, we get : 



r® 

W*{v a ® a K<s,{a)) = \ y^iZ- ®A^[(uj v x ®id)T x (a x )]d 
Jx i 

{W x Y{v x ® K^{a x ))dv{x) 



UlX) 



X 



which gives (ii). Then, we get that the Hopf-bimodules underlying to G x dv(x) and 

J® G x dv{x) are the same; the only result to prove is the equality of the dual operator- 
valued weights, which is left to the reader. □ 

8.4. Proposition. Let <3 = (TV, M, a, (3, T, T, T', v) be a measured quantum groupoid and 
(3 = (N, M, a, (3, T, T, RTR, v) its dual measured quantum groupoid. Then, are equiva- 
lent: 

(i) a(N) C Z(M) n Z(M). 

(ii) a — j3 — j3. 

Proof. This is clear by using 5.1 twice (for & and (3). □ 

8.5. Theorem. Let (5 = (N, M,a, /3,V,T,T' ,v) be a measured quantum groupoid and 
(3 = (N, M, a, (3, T, T, RTR, v) its dual measured quantum groupoid; let W and W be the 
pseudo-multiplicative unitaries associated, and $ = v o a~ x o T (resp. $ = v o a^ 1 o T); 
let us suppose that a(N) is central in both M and M; let X be the spectrum of C* algebra 
C*(v), we shall therefore identify with Cq(X); for any x G X , let C X (X) be the subalgebra 
of Cq(X) made of functions which vanish at x; let A n (W) be the sub-C* -algebra of M 
introduced in 3.3 and 4-3(ii), which is, thanks to a\c (x), a continuous field over X of 
C*-algebras (6.5); let tp x be the desintegration o/<&w„(w) over X given in 6.1(H); then, 
by 6.1 (in), <p x is a lower semi- continuous weight on A n (W), faithful when considered on 
A n (W)/a(C x (X))A n (W), and the representation tt^x form a continuous field of faithful 
representation of A n (W). Then : 

(i) the Hilbert space Hq> a ® a Hq> is equal to J x H^x ® H^xdvix). 

(ii) the von Neumann algebra M a * a M is equal to : 

N 

7r^(A i (W)/a(C' x (X))A 1 (W)) M ®7r^(A i (W)/a(aW)A i (W)) M dK^) 



x 



(ii) the coproduct T\a„(w) can be desintegrated in T\a„(w) — fx F x dv(x), where T x is a 
continuous field of coassociative coproducts on A n {W) / a{C x {X))A n {W) . 
(Hi) R x is a anti-*- automorphism of A n (W)/a(C x (X))A n (W), and, for all x G X, 
(A n (W) /a(C x (X))A n (W) ,T X , ip x , ip x o R x ) is a locally compact quantum group (in the 
C* -sense), we shall denote G x . We shall denote also G x its von Neumann version, 
(iv) we have, with the notations of 8.2, & = J x G x dv(x). 
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Proof. Let a G A n (W) H Ot$ and 6 G A n (W) PI 91$; using 6.2, we can write A$(a) = 
fx h. ip x[a x )di , {x) and A$(6) = A^(6 x )(iz/(x), where a x (resp. 6 X ) is the image of 
a (resp. b) in A n ,(W^)/a(C x (AT))A n ,(W); as the linear set made of vectors of the form 
A$(a), for all is dense in the relative tensor product H<& a © a Hq, is the completion of 

the algebraic tensor product D( a H*p, v) A$(9t$ nA n (W)) by the scalar product defined, 
if £ = f® £, x dv(x), V = fx V x dv(x) are in D( a H$,, v) by the formula : 

(£ © AM\ V © A*(6)) = (a«e,»7)a, v )A«(a)|A*(6)) 

\ x A^(a x )|rfA^))^) 

ffi (e x © V( aa, )l^ ® A^(^))rfz/(x) 
from which we get (i). Then (ii) is a direct corollary. 

As r(a(/)) = a(/) a ©Q, 1 = 1 a © a a(/), we get, using 6.5, that T\A n iw) can be desinte- 

N N 

grated into a continuous field of *-homomorphisms T x from A n (W) /a(C x (X))A n (W) into 
[A n {W)/a{C x {X))A n {W)}® m [A n {W)/a{C x {X))A n {W)}. Moreover, if a G A n (W)nWl+, 
we have, for all x G X, (id © <£> a )r x (a) = ^"(a)!.. 

So, if a in A„(W) fl 971^ verify r x (a) = 0, it implies that <p x (a) = and, therefore, by 
6.1(h), that a G a{C x (X))A n {W). Let now e\ an approximate unit in A n {W) nOTt^, and 
let a G A n (W) such that T x (a) = 0; as we have T x (ae\) = 0, we get that ae\ belongs 
to a(C x (X))A n (W) , for almost all x, and we get the same result for a. Therefore, we 
get that T x is injective on A n (W) / a(C x (X))A n (W) . The coassociativity of T x is just a 
corollary of the coassociativity of V. 

It is clear that R x is a *-anti-automorphism of A n (W) /a(C x (X))A n (W), which will be a 
co-inverse for T x ; we shall therefore get that ip x oR x is right-invariant with respect to T; in 
order to prove that (A n (W) / 'a(C ' X (X)) A n (W) , T x , (p x , (p x oR x ) is a (C*-version of a) locally 
compact quantum group, we shall extends all these data to ir^x (A n (W)a(C x (X))A n (W)y'' , 
and prove that the objects obtained are a locally compact quantum group in the von Neu- 
mann sense. 

In fact, from (i) and (ii), we get that T can be desintegrated in T = f® f x db / (x), where 
r x is a *-homomorphism from ii ip x(A n (W)a(C x (X))A n (W))" into its von Neumann ten- 
sor product by itself; moreover, by unicity of the desintegration procedure, we get that, 
for almost all x G X, T x is equal to the restriction of f x to A n {W) / 'a(C x (X))A n (W), 
which proves that T x extends at the von Neumann level. We shall therefore write 
T x instead of T x . We obtain that, for almost all x, T x (l) = 1, and (T x © id)T x = 
(id © r x )r x from the properties of T. Moreover, we had got that the restriction of T x to 
A n {W)/a{C x {X))A n {W) is injective; so, if a G -K^{A n {W) / a{C x {X))A n {W)Y + verify 
T x (a) = 0, we get that a is an increasing limit of elements a n in A n (W)/a(C x (X))A n (W) 
such that T x (a n ) = 0; so, we get that a n = 0, and a = 0, which finishes the proof of (ii). 
Then, (iii) is given by 6.5(vi) and similar calculations, and (iv) is straightforward. □ 

8.6. Theorem. LetiX^v) be a a- finite standard measure space, G x be a measurable field 
of locally compact quantum groups over (X, v), ad defined in 8.1, and f x G x dv[x) be the 
measured quantum groupoid constructed in 8.2. Then : 

(i) there exists a locally compact set X , and a positive Radon measure v on X , such that 
L°°(X, v) and L°°(X, v) are isomorphic, and such that this isomorphism sends v on v. 

(ii) there exists a continuous field (A x ) xeX of C* -algebras, and a continuous field of 
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coassociative coproducts T x : A x — > A x ® m A x ; 

(Hi) there exists left-invariant (resp. right-invariant) weights (p x (resp. ip x ), such that 
(A x , f x , (f x , xp x ) is a locally compact quantum group C? (in the C* sense), 
(iv) we have : G x dv{x) = G* dv{x). 

Proof. Let's apply 8.5 to 8.2. □ 

8.7. Example. As in ([Bll], 7.1), let us consider the C*-algebra A whose generators a, 
7 and / verify : 

(i) / commutes with a and 7; 

(ii) the spectrum of / is [0, 1]; 

( en — r^y \ 
^ ^ J is unitary in M 2 (A). Then, using the sub C*-algebra 

generated by /, A is a C([0, l])-algebra; let us consider now A as a C (]0, l])-algebra. 
Then, Blanchard had proved ([B12] 7.1) that A is a continuous field over ]0, 1] of C*- 
algebras, and that, for all q g]0, 1], we have A q = SU q (2), where the SU q (2) are the 
compact quantum groups constructed by Woronowicz and A 1 = C(SU(2)). 
Moreover, using the coproducts T q defined by Woronowicz as 

T q (a) = a® a — qj* <S> 7 
T 9 (7) = 7®a + a*®7 
and the (left and right-invariant) Haar state f q , which verifies : 
Lp q (a k Y m l n ) = 0, for all k > 0, and m ^ n, 
</? 9 (a*l fc l7* m 7 n ) = 0, for all k < 0, and m ^ n, 
and ^(( 7 *7) m ) = 

we obtain this way a continuous field of compact quantum groups (see [B12], 6.6 for a 
definition); this leads to put on A a structure of C* quantum groupoid (of compact type, 
in the sense of [E2], because 1 e A). 

This structure is given by a coproduct T which is C (]0, l])-linear from A to A ® m A, 

Co(]0,l]) 

and given by : 

r(a) = a ® m a - /7* ® m 7 
CoQO.l]) c (]o,i]) 

T( 7 ) =7 ® m a + a* ® m 7 

C (]0,1]) C (]0,1]) 

and by a conditional expectation E from A on M(Cq(]0, 1])) given by : 
E(a k Y m l n ) — 0, for all k > 0, and m ^ n 
£ , (a* |fc| 7* m 7 n ) = 0, for all k < 0, and m ^ n 

i?((7*7) m ) is the bounded function x i— > 1 ^~ 2 9 n+ 2 ■ Then E is both left and right-invariant 
with respect to T. This example give results at the level of C*-algebras, which are more 
precise than theorem 8.2. 

8.8. Example. One can find in [B12] another example of a continuous field of locally 
compact quantum group. Namely, in ([B12], 7.2), Blanchard constructs a C*-algebra A 
which is a continuous field of C*-algebras over X, where X is a compact included in ]0, 1], 
with lei. For any q G X, q ^ 1, we have A q = SU q (2), and A 1 = C*(G), where G is 
the "ax + b" group. ([B12], 7.6). 

Moreover, he constructs a coproduct (denoted 5) ([B12] 7.7(c)), and "the system of Haar 
weights" $ ([B2] 7.2.3), which bear left-invariant- like properties (end of remark after [B12] 
7.2.3). 

Finally, he constructs a unitary U in £(£$) ([B12] 7.10), with which it is possible to 
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construct a co-inverse R of (A, 5), which leads to the fact that $ o R is right-invariant. 
Clearly, the fact that we are here dealing with non-compact locally compact quantum 
groups made the results more problematic at the level of C*-algebra; at the level of von 
Neumann algebra, 8.2 allow us to construct an example of measured quantum groupoid 
from these data. 

8.9. Example. Let us finish by quoting a last example given by Blanchard in ([B12], 7.4): 
for X compact in [1, oof, with 1 G X, he constructs a C*-algebra which is a continuous 
field over X of C* algebras, whose fibers, for /j£l, are = i£ M (2), with a coproduct 5 
and a continuous field of weights which is left-invariant. As in 8.8, he then constructs 
a unitary U on £(£$), which will lead to a co-inverse, and, therefore, to a right-invariant 
C*- weight. 

8.10. Example ([L2], 17.1). Let us return to 8.1; let I be a (discrete) set, and, for all 
i in /, let G; = (Mj, Tj, tpi, ipi) be a locally compact quantum group; then the product 
IljGj is a measured field of locally compact quantum groups, and can be given a natural 
structure of measured quantum groupoid, described in ([L2], 17.1). 

9. Measured Quantum Groupoid with central basis C 2 . 

We finish by studying the structure of measured quantum groupoids with central basis 
C 2 . This example appears in [DC] as a Galois object linking two locally compact quantum 
groups. 

9.1. Lemma. Let a be a representation of C 2 on a Hilbert space H; let (ei,e2) be the 
canonical basis ofC 2 , v the faithful normal state on C 2 defined by v(ei) = vi^-i) = 1/2. 
Then : 

(i) all vectors in H are bounded with respect to (a,u). For any £ , rj in H , we have : 

(H,v)a,v = (a(ei)£|?7)ei + (a(e 2 )£|?7)e 2 

(ii) for any representation (3 of C 2 on H , the application which sends £ p® a 77 on the 

vector \P(ei) <g> ct(ei) + /9(e 2 ) ® a(e 2 )](£ <8> rj) extends to an isomorphism of the relative 
tensor product H p® a H with the subspace of the Hilbert tensor product H ® H which is 

V 

the image of the projection (3{e\) <8> a(ei) + /5(e 2 ) <E> a(e 2 ). 

(Hi) let M a von Neumann algebra on H, such that a(C 2 ) C M and (3{C 2 ) C M; then, 

the isomorphism given in (i) sends M' p® a M' on the induced von Neumann algebra 

c 2 

(M' ® M') 

/3(ei)®a(ei)+/3(e 2 )®a(e 2 ) an d M p* a M on its commutant, which is the reduced von 

c 2 

Neumann algebra (M <g) M)^( ei )® a (e 1 ) +/ 3( e2 )®a(e 2 )- 
Proof. For all (A, /i) G C 2 , ^ G H, we have : 

||a(Aei + /ie 2 )^|| 2 = |A| 2 ||a(ei)^|| 2 + |//| 2 ||a(e 2 )e|| 2 

<lief(|A| 2 + |/i| 2 ) 

= lieilMlAl 2 ^ + |//| 2 e 2 ) 

which proves that £ G D( a H, u); it is straightforward then to finish the proof of (i). Then 
(ii) is a direct corollary of (i), and (iii) is a direct corollary of (ii). □ 
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9.2. Remark. This kind of result can be generalized to any representation of a finite 
dimensional C*-algebra ([DC], 5), which generalizes the results of [Val4] about relative 
tensor product of finite-dimensional Hilbert spaces. 

9.3. Proposition. Let us use the notations of 9.1; let (C 2 , M, a, (3, T, T, T', v) be a mea- 
sured quantum groupoid, with a(C 2 ) C Z(M). Let $ = v o a -1 o T. Then : 

(i) the fiber product M p* a M can be identified with the reduced von Neumann algebra 

N 

(M ® M)p/ ei \® a (e 1 \+p(e 2 \® a ( e2 '\ ) and T can be identified with an injective *-homomorphism 
from M to M © M, which satisfies : 

T(l) = /5(d) ® a(ei) + (3(e 2 ) ® a(e 2 ) 

(r®irf)r = {id® Y)Y 

r(a(e i )/3(e i )) = a(e i )/3(ei) <8> a(ei)/3(e i ) + a(e i ) / 9(e 2 ) ® a(e 2 )/3(e j ) 
//we wnfe Mjj = Ma(ei)(3(ej), we have : 

Y(M i>j ) c (M f> i © Mxj) © (M ii2 ® M 2J ) 

andM^ ^ {0} ; M 2i2 ^ {0}. 

(mJ the pseudo-multiplicative unitary W can be identified with a partial isometry on the 
Hilbert tensor product H<$> © H<$> with initial support [a(ei) © a(ei) + a (62) © a(e2)], and 
final support [/3(ei) © a(ei) + /3(e2) © a:^)], satisfying the pentagonal equation, and the 
following intertwining relations, for all n G C 2 : 

W(a(ra) © 1) = (1 © a{n))W = (a(n) © 1)W 

W(l © a(n)) = W(/3(ra) © 1) = (/3(n) © 1)W 

W(l®f3(n)) = (l®f3(n))W 

(Hi) there exists normal semi- finite faithful weights tpij on My, such that, for any X 
in 97tJ ; X = xi t i © x\ t 2 © x 2 ,i © £2,2; w ^ x m e ^t\j"> ^"X^O ^ s ^ e ^ ma 9^ under a of 
(¥>i,iOei,i) + yi,2(zi,2))ei + (^2,1(^2,1) + ^2,2 0r2,2))e2. 

(^wj t/iere exists normal semi-finite faithful weights ipi.j on M it j, such that, for any Y 

in Ttj,,, Y = y ljX © y 1>2 © 2/2,1 © 2/2,2, J/y e T"(F) zs i/ie zmage mder /3 0/ 

(^1,1(2/1,1) +^2,i(z/2,i))ei + (^1,2(2/1,2) +^2,2(2/2,2))e 2 . 
^ for any x it j in Mij and k — 1, 2, let us define 

r^.(xij) = Y(x i>j )[a(e i )(3(e k ) © a(e k )/3(ej)] 

which implies that Y{j = X^m,-. Then, we have, where the 5ij are the usual Kronecker 
symbols, for any x itj G Wt^, and y itj G Ttf^ : 

S i ,m, j (x i j)(a(e 1 ) © 1) + 6 i>2 (p i>j (xi > j)(a(e 2 ) © 1) 

= (id © r - 1,/)!', 1 ,(.'•,,, ) + (id © <P2^ij(x itj ) 

5 ld i/; id (y id )(l © (3(d)) + S 2 ,jipi,j(y i , j )(l © /?(e 2 )) 

= (^,1 © /v/)r,'. ,(//,.,) + (i>i,2 © idjr^Cj/ij) 
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Proof. The beginning of (i) is just a corollary of 9.1, using the fact that a(C 2 ) (and (3{C 2 ) 
by 5.1) is included in Z(M); the end of (i) is given also by this fact, using also the fact 
that the formulae obtained for r(a(ei)/3(ei)) and r(a;(e 2 )/3(e 2 )) prove that a(e 1 )/3(ei) ^ 
and a(e 2 )/3(e 2 ) ^ 0. 

As a is central, we have (3 = a, then, the identification of W with a partial isometry 
comes from the identification of the relative tensor Hilbert spaves made in 9.1(h); this 
identification gives as well that this partial isometry satisfies the pentagonal equation, 
the intertwining properties; finally, the fact that a and (3 are central finish the proof of 
(ii). 

Results (iii) and (iv) are given by 6.1(vi); then result (v) is given by the left-invariance 
of T (resp. the right-invariance of X"). □ 

9.4. Theorem ([DC], 3.17). With the notations of 9.1, let & = (C 2 , M, a, (3, T, T, T", v) 

be a measured quantum groupoid, R its co-inverse, with a(C 2 ) C Z(M); let us write 
(3 = (N, a, a, T, T, RTR, v) its dual. Let's use the notations of 9.3; then : 

(i) G 1 = (Mi,i, T\ 1; ^>i,i) and G 2 = (M 2)2 , r| 2 , V?2,2, ^2,2) ore two locally compact 
quantum groups. The multiplicative unitary W 1 (resp. W 2 ) of G 1 (resp. G 2 ) is equal 
to the restriction of W to a(ei)/3(ei) <S> a(ei)/5(ei) (resp. a(e 2 )/3(e 2 ) Cg> a(e 2 )/3(e 2 ) y ); the 
coinverse R 1 (resp. R 2 ) of G 1 (resp. G 2 ) is equal to the restriction of R to Mi,i (resp. 

m 2 , 2 ;. _ 

(ii) ifa(C 2 ) C Z(M), then (3 = a and = G 1 © G 2 (i.e. M 1>2 = M 2)1 = {0};. 

(mj i/a(ei) ^ Z{M), then M 1>2 ^ {0} ; M 2 ,i = R(M 1>2 ) + {0} ; T 2 2 : M 1>2 -> M 1>2 ©M 2i2 
a n'c//ii action of G 2 on Mi, 2 , T\ 2 : Mi )2 — > Mi,i ® Mi, 2 zs a /e/t action of G 1 on Mi, 2; 
: M 2 ,i -> M 2)1 © Af l5 i »en^/ = ^(R 1 <g> i2)r} j2 i2, and T 2 ^ : M 2jl -> M 2j2 © Af 2 ,i 
verify F 2 , x = c(i? ® i? 2 )T 2 2 i?. Moreover, these actions are ergodic and integrable. 

Proof. Using 9.3, we get that M 1:1 7^ 0, and that : 

r(a(ei)/3(ei))[a(ei)/3(ei) © a(ei)/3(ei)] = a(ei)/3(ei) © a(ei)/3(ei) 

from which we get that rj; 1 (l) = 1, when considered from M^i into Mi,i © Mi 1; by 
restriction, the coproduct property is straightforward from 9.3(i); using 9.3(iv), we get : 

a(ex)(id © ^l.Or^ (0:1,1) = "(61)^1,1(^1, 1) 

and : 

/5(ei)(^i,i © z^r^^i) = /5( ei )^i,i(2/i,i) 

which proves that ipi t i is a left-invariant weight, and ^1,1 is a right-invariant weight, and 
proves that G 1 is a locally compact quantum group, in the sense of [KV2]. Then, the 
result about the multiplicative unitary of G 1 is a straightforward calculation, and, then, 
by polar decomposition of the antipode, one gets the result about the coinverse of G 1 . 
The proof for G 2 is identical, which finishes the proof of (i). 

Result (ii) is given by 8.5; conversely, if Mi, 2 = {0}, as M 2 ,i = _R(Mi )2 ), we have also 

M 2 ,i = {0}, and M = Mi,i © M 2 , 2 , and, using 8.2(iv), we get that a = j3, and, therefore, 

that a(C 2 ) C Z(M). So, we get that, if a{e x ) £ Z(M), we have Mi, 2 ^ {0}, and 

M 2 ,i 7^ {0}. Then, by restriction of the coproduct property of T, we obtain that T 2 2 is a 

right-action of G 2 on Mi, 2 , and that r 2 1 is a left-action of G 1 on M 2) i (in the sense of 

([V],l.l); the properties of T 2 l and T 2 1 come from the formula linking T and R (and the 

fact that R\Mn — R 1 an d R\m 2 ,2 = R 2 obtained in (i)). Moreover, using 9.3(v), one gets 
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that, for any x lj2 G 37t via , we have : 

^1,2(^1,2) = (^®v 2 2,2)r? i2 (x li2 ) 

But the right-hand formula is the canonical operator- valued weight T r 2 ([V], 1.3) from 

r 2 r 2 
M 12 on the invariants M 1 2 2 ; so we get both that this algebra M 1 2 2 is equal to C (which 

means that T\ 2 is ergodic), and that this operator- valued weight is semi-finite (which 

means that T\ 2 is integrable). The proof for T\ 1 is identical. □ 

9.5. Remark. In [DC] is given a very interesting interpretation of these actions, and 
of the link between G 1 and G 2 which occur in that situation, in term of Morita-Rieffel 
equivalence. Let's have a look at what happens when (3 is abelian (resp. symmetric) : 
If (3 is abelian, by 7.2, we have (5 = <3(S), where 9 is a locally compact groupoid, with 
a two-points basis. Then, if X = {x G 5,s(g) = l,r(g) = 2} is not empty, it is clear 
that, in the construction given in 9.4, we obtain two locally compact groups which are 
isomorphic, and acts left and right on X; if X is empty, we obtain that S is the disjoint 
union of the two locally compact groups G 1 and G 2 (8.10)). 

If £5 is symmetric, then «(C 2 ) C Z(M), and <3 = G 1 © G 2 , where G % are locally compact 

groups, and G l their duals as symmetric locally compact quantum groups. 

So, we see that this construction, which is completely trivial in the case of groupoids, 

give very rich information in the case of quantum groupoids. 
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